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1 . Recently Carlitz [1, p. 90] has obtained the sum of a particular hyperffeoinetric 
series 4F3 (1 ) in the form 

X (A, — 0')n 
{\ + 2 n) {X)yi 

We consider the sum 


1+^ji + iX, 1 + JX 


'^n(sA.) 


^ ~ ^)r {^)2r (X 4- ri) r 

r=o r ! (1 + *)r ( A.) 2 r 


_ r riy ^ dy ^ ^ (Xy \ fl~\ 

L 1 + S JA, i i A J ’ 

where the 42^3(1) series is a SaalschUtzian* and ;z is a non-negative integer. It will 
be proved that 

(2) X) = 

Put 


SnM = ( - !)’■ ( ^) (“ + »• + ')r-i (X + 2r)n.r “ 

where it is understood that the term on the right corresponding to r = 0 is (X)n. 
Then it is easily verified that (2 ) is equivalent to 

(3) fni^i A) = (a ot)^ 

Now we have 

f^[a + ], X) -/nla. A) 


^Notice that the series we discuss here is slightly different from that in (1). 


[ 121 ] 



(-i)’ 

fsO 


- ly f ” + 2r)w.r 1(1 +«)(«+ 2 + »'lr-i - «(« + r + 


n 

2 ( 
r-o 


l)r ( « ) (X+2rWr (2 + « + 4r-i UM- (« + 2r) -«(«-r+l)] 


==(-«) ’s‘ ( - l)’'f ”■' ) (X + 2 + 2 r)H.r., (I + « + ('* + 2 ) 

feO \ f / 

tn, - ( ' + 2, X + 2j 

which implies 

(4) /»(» + 1. X) ”/»{«, X) a - « /(.M (“ + 2, X + 2) 

Clearly (3) holds when n = 0. Assuming the truth of (3) for all values less 
then n, it follows from (4) that 

(5) yn(® 4" 1> X) ~~Sn (“> X) a “ n (X " *ln*i 

If we keep X fixed and note that /„(o, X) is a polynomial in «» it is clear 
from (5) that 

(6) fni'h X) = (X~a)n 4* grt(X) 

where gn{\) is independent of a. We now take « = X. so that (b) liccomes 
yiilXj X) * Sn (X) (X b)- 

Now 

J}i{X> X) -- (X)rt ^ii(Xj X) 


Since 


” (~«)r(X + n)f 

“ r»o r! (1 + X)r 

V i.“ = ,„o 

f=o r 1 (1 + X)f (1 4" X)w 


for n > 0, therefore g„(X) == 0 and (6) reduces to (3) 
2. We have 

“ ( An («, X) 1'* 


“ (X)n ” («).if (X 4- n)r , (n 

r 


^=0 i rSo y ! ( i + «)r (X)*ir 
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V V ( A.)yi,+r (^)2y ( ^ p 

^=0 r=o [n-r) ! (1 +<3!)y(A.)2r 

% % (^)n-i-2y (^)2r ( m-hr 

•r=o n=Q 4" ^)r (^)2r 


(«)2 


(-#)»* (1 - i)-A.-2r 


r=:0 r\ (\ + a)j. 

M -X ^ (^) 2 r r 

r=G r 1 (1 + <x)^ L (1 - ty J 


which must be equal to 


1 

n=o ^ • 




Thus we get 


CO ( 

•S- ^ 

r=o r ! (1 


-ts); [(i^>-] = 


If we put 


-4^ 


^ Zy then 


(i-<r 

and we obtain the result [ 2 ; p. 101(6) ]. 

3. The result (i) can also be obtained by using (2) in the known transformatior. 
[3;p. 56] 


r<.,b,c,-m -j_ 

[ ", I3,y J 


( 6 - a)m {a + B - b - c)f. 


{P)m (* + - b - c) 


4^3 


a, ^ b y oi- -r c, - m ; 
a, a+/? - b cc y -b ■ 


which holds when a~i-/34-7 = 1 +^ + ^ ■}• c - m* 
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Algebraie formulations of a topological space 
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Introdaction 

Pervin' has derived a theory of a topological space from a quasi proximity 
space {X, s) where S is a binary relation on the power set nX) of a set satisfying 
the properties listed in section 3. It is then nattirul to pose tlie problem ; 

Is it not possible to replace the relation ^ by a binary operation onp{X)%o 
that the resulting algebraic structure may be equivalent to a quasi proximity 
structure and therefore, to a topological structure on A' ? 

The paper proposes to give a positive solution of the prolilem by Setting up 
two algebraic fornaulations of a topological space. Such an algebraic structure 
defining a topological space may here be called an algebraic space which will : 

(1) Contain Krishna Murti’s commutative topological algebra*-*, 

(2) be a generalisation of the usual topological spaced. 

1. An algebraic space. An algebraic space (A', of order a is a set X together 
with a binary operation 9 on p{X) satisfying the properties. 

11 A 9 A == A for each A 

12 d 9 1 = 1 for each A 

I 3 There exists an initial ordinal number o such that 9 is distributed over 
the product of each X sequence in p{X) whenever A is less than a i e. 



14 A 9 {0 9 B) A 9 B ior each A and B. 

Definition M (^'9 B')' A s B. 

Theorem \'\. In an algebraic space ( A^, 9) the operation ■» defined alMive satisfies 
the properties : 

Cl A i A — A 
C 2 A 'iO - O 
G 3 d s 2 2 A Br 

ieXecC l‘«Xe« ^ 

C 4 ^ s (1 s,B) « .d sP 

Proof-. A s A = (A' 9 A')' = .d" d (Cl) 

d s 0 «■ (d' 9iy = 1' s= 0 (C2) 
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A.X (A' 9 II B'^y = (II A' 9 B' ^^AsB. 
J s (1 s 5) = (J' 9 (0 9 B') )' = (A' 9 B'Y = A ^B^ 

Definition 1'2. A set X together with a binary operation s satisfying 
Cil - C4 listed above is called a dual space of an algebraic space. 

Theorem 1 ‘2.. A dual space {X, s) is an algebraic space provided that 


the propertie 


AsB ==(A' 9 By 

As the operations 9 and s are dual, the proof at once follows from 
I'l by the principle of duality. 


theorer 


2. Topological structure in an algebraic space. In an algebraic space (X 91 th 
operation 9 will induce a topology in X by setting : A 9 B = A B^^ where L 
IS interior B. i , v a. 

clearly 0 9 B = BK 


TheorerriTl. An algebraic space (Z, 9) of order a is a topological space c 

^ 0 R - f generalised interior axioms, and conversely provided tha 

A y JIj ' A. 


Proof : 


Let (X, 9) be an algebraic space of order a. Then 

A = A9A=A+A^=>A^<^A 
1 = 0 9 1 = li 


/ II \» 

[ ^ ) =09(11 B^)= 11(09 5^ ) = II5^^ 


A 


Conversely let (Z,<*) ) be a topological space of order a . Then 
A9A = A + A^ = A (91) 

A91 = ^+l* = ^4.1 = l (92) 

A 9 (II ) = ^ + (II 5. Y =A+U {B.fi = II (^ + B.y 
= 11 A9 B^ (93) ^ ^ 

A9 (0 9 B) = A9(Bi) = A + B^^ 


A -i- B^ = A 9B (94) 


2-2. A dual space (X, s) of order « is a topological space of order 
^atifymggeigralised Kuratowski’s closure axioms and conversely^ provided tha 




^ ‘if Krishna Murti’s topologica 

algebra , and conversely provided that A s B ^ A + B A^, ^ ^ 


The proof is trivial. 


3. Proximity structure in (J, 9). A quasi 
^n an algebraic space {X^ 9) by setting : 


proximity 


(A, B) e s iff A' 9 5' ^ 1. 


structure 


can be introducec 
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Theorem 3-1 . An algebraic space ( J, 9) of order « is a quasi proximity space 
of order a satisfying generalised quasi proximity axioms ol IVrvm ; and conversely, 
provided that (d B) eSif A' 9 B' 1. 

ai (d, o)a. 

For d' 9 1 = d' + 1* d' + 1 « 1 
0,2 {x, x) e S 
For x' 9 x' ~ x' /- i* 

0-^ ( d, ilf ^ ^ 

For (d, 2 ) 78 > A' 9 11 B'^ « 1 ' d' 9 I f«r fact, f 

> (d, ) 78 for each f. 

04 If (d, i?) 7 8, then there exists a pair of disjoint sets ?'* and V such 
that (d, C/^) £ 8 and (h^, B) i 8* 

For (A, B) 7 d' + I'P')* = 1. 

Let U = {B'f and V = i' (fJ'V')' 

Thend' 9 C7 == d' + (B')'* « d' + [B'Y = 1 (d, Ih r 8- 

Also ( {B')*y 9 B' = ( (B')*)' + rB'l^ 1 > B)t 8 

For the converse, let (A', S) be a proximity space of order «. 

Then (d)* = { x 1 x "i d' }, where a is negated 8. 

It can easily be verified that (X, 8) satisfies th«‘ generalised interior anxioms. 

Theorem 3*2. A dual spact; (A', s) of order a is a (piasi proximity space of the 
same order and conversely provided that (d, B i i 8 iff A < B /; t). 

The proof of the theorem at once follows from 3*1 from the principle of 
duality. 
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1. Fox [4, p, 408], introduced the H-function in the form of Mellin-Barnes tyf 
integral as 

m n 

nT(bj-Sis) nr(i-ai+«/^) 

1 f ^=1 ^=1 

(M) j 

T _n ^11 lia^-o-js) 

^=m+i ^=n+i 

where x is not equal to zero and empty product is interpreted as unity ; 
and n are integers satisfying 


. i 


(/y (y == 1, . , . , p)^ iSj (j = 1, . . . , are positive numbers and aj {j =1, . . j / 
bj (/ =r 1, .... 5 are complex numbers such that no pole of T{bh - Pi 
(A = 1, . . . . , m) coincides with any pole of 1(1 - ai +<xis) (i == 1, 2, , . . . , n) 

( 1 ’ 2 ) ai {t?h+v) (^ai-V - 1) Ph 

(Vj 97 0, Ij • • * * 9 ^ 9 ^ I9 • • • • 9 

Further the contour T runs from o- -ico to cr-J-fco such that the points 

(1-3) i {h=\, , ?n ; V = 0, 1, ), 

Ph 

which are poles of r(^/i - Phs) {h = 1, . . . , m) lie to the right and the points 
^(1-4) 5 (t = 1, = 0,1, ), 

ai 

which are the poles of 1(1 - (i ^ , n) lie to the left of 7”. Su 

a contour is possible on account of (1*2). These assumptions for the H-functi 
will be adhered to throughout this paper. 

Recently Gupta and Jain^ have denoted (1*1) symbolically as 


(1-5) 


H 


^ j ^1)3 • • • • 

• 9 ^p) 1 

^ 1 (^i, ft), . . . . 

• 5 (^^3 J 


[ 127 ] 



and in a more compact form by 


( 1 - 6 ) 


jjm,n 


li lap. } I 

!{ (^5f> } li 


where { (fr, 8 r) } stands for the set of the parameters { fj, g . . 

(fr> S r)* 


According to Braaksma [2, p. 2781 
// 


A? 


^ ; { lap. "}.) ) 
' { <J>q> > ) 


}> ■ 1 
where ^ {«.'l - IS 
I 1 

H 


! 0 i i ,v i ” fur •.joiili ,1. 

{(ijl < 0, and s He ^ ^ I A ^ I , , , . . , p| > jvmj 

"'■■i 0 i 5x 1 fh («r liir-ge ,v,, 


h « r ^ i { (a,„ •*,,) } 
I I { /Iq^ } 


V 

X ' /■}( 

m+1 


> 0 , 


ri w 1, . 


rt). 


where (as) - 'S (fi A ^ 0 , S "i 

11 ^ 1 •' n+i ’ 

I arg X I < i X w and ^ ^ Re ^ ^ j 

e generalized lageiulrr. associated 

function ?*»".« (z) for general values (real or complex) of the oarameters in terms 
of (Pochhammer’s) integrals, and these have hern transformed into hypergeometric 
functions. Assumptions on the parameters &,m,n and c gave rise to Inrther tran*. 
formations. For example if A is an integer 

, m-n . . . 

k — IS a non-negative integer, then for ] 1 - x ] 2, we Inivc 


m, n 


1 


m - n 




-kf k ” P 14 nd* 1 
1 m 


The object of this paper is to evaluate some integrals involving nroduct of 
Jhe gcj„ali.ed Leg^n*. aModtod and fL irruMS M 

0I:I lipr€Ul|i*/i||g |lic 

fad oSSara baliS tt k«o™ 

2. In tins section, we state the results given by Mculnibeld and Robin®, Gupta 
and Jam® ; which will be used in our present work. 

Definite integrals (36), (37)*, (38jt and (52) of (8, p. 343 and p. 345J, 


(2-1) 


J(l^)-”(l 

-I 


m, n 

^”2 
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- r(<r-)- ” + l)r(.r-” + l) 

r(o- - A + 1) r(o- - m + 5 + A -f 2) 
provided Reini) < 1 , (o- + 3) > - 1. 

(2-2) I (MP (1 + *)^ (*) d* 

-1 2 

= 2^- 1+»+^ r(n + A: + 1) r(P-3 + 1) r( - P - ^ 4- 
T(k — m l)r( — P — 5) r(p — 2 + ^-)-i + 2) 

where (p - 3) > - 1, Re («) > - 1. 

1 »2, « 

(2-3) jil-xr{l+xrP^_r„.,{x)dx 

_ 2^^°" -~ y+^ r(p - g + 1) r(v + a + i) ^ 
r(i - ffz) r(p + “■ - "2“ + 2) 

X sF 2 (^-k,n-m + k+l,P-f + 1 ; + 2 

provided ^ P - ^ ^ 2”) ^ 

1 m,n P, cr 

(2*4) / (1+^) ^ 


2T + n+ 1 _ m ^ r) r(72 -+■ ^ r('^ + 0 X 

r(yt - m + 1 ) r(- m - t) r(l - P) r(n 4- r ^ ^ 2 ) 


X 4F3 (- ^ + ^ + I5 ‘^+ I5 “T* + ?w + l ; 1 - P, n+T -j- A;+ 2 , r-j-my ^ + 1; 1)> 

where Re(n) > - 1, Reir) > - 1. ‘ 

Relation between G and H-functions 



♦P(p + E + n + 4: + 2), a factor in the right-hand side denominator oi [8, p. 3i3{37)], 
should be r(P -^ + « + * + 2) , as mentioned in the result (2*2). 

3 + a - + 2, a parameter in the hypergcomctric function of [8, p. 343(38)3, should be 


P +^- 


m-n 

X" 


+ 2, as given in the result (2*3). 


r I 



(2-6) H 


1,/' f 


i (o» r ' f aO ^ f 


fi Fuij* 4 It 1*5 j 


rs 'I » ' L ’ * A -I 

1 ib^ +• tt^si 

The above series was studied by Wright { H), p* 287J atid lias been called as 
Wright^s generalised hypergeomctric function and is denoted by the Symbol 

,r ] 


H „ .vj((), 1. .("•'> 


V -r/w 

rao r ! l’(l 'i* v + m r) ' ™ 


where Jy'* {x) is Maitland’s generalised Bess^'l function [U, p. 257J. 


1, 1 r 


1, 1 r 

X 

1, 1 L 


E iX*-) ( 1 + -t}"*’ 21 1'(’') if'o *)• 


3. In what follows the notation -J- I : , 8 V will stand for the set of the para- 

\ kn J 


meters (a + rj, 8), (“ + ''nj ^)* 

The first integral to be evaluated is 

1 t 4- "r'5 ^ ^ 

(3*1) j (1-x) (!+*■) ^ P, m-n[x)p. f>-tr{^x)ll 

J K~ Y ‘ “ I 








+'^.,±Ji U-iiu ^-±±1 + 1)« ^ 
r(A - m -b 1) ue&o II ! r(l «» P + It) 


? + 3 

r 

r *+ 4^ 5 + 4 


(- « + o I m I’ ^)’ ^ {Or.«r)}> 

/ ' I \ 

A — m T, 8), {[b^f ^m)}^ r«7p.y. y 8 j 


, ^ ‘ n f m “ W , P - 0* 

where 8 > 0; ^ , I - are positive integers,, k and I arc 


mtegcr8>0, x («/) ^ : j arg 5] <iXr, X {^jhi 

Re{n) > - 1, Re{T + sbj/fij) > - 1 ( J , 2. , p). 
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Proof I To establish the integral (3T), expressing the H-function in Mellin- 
Barnes type of integral (I’l) and interchanging the order of integration, which is 
justifiable due to the absolute convergence of the integrals involved in the process, 
we get 


1 

2r[i 


I 


n r(^y - II r(l ~ aj ■+ a.-a 


■Z X 


r.II + 11 

•' •' ^=2+1 




T + 8I + 


m+p 


(1+^) 


n-ir 

T 


m, ft 

k 


(^) 


2 


evaluating the inner integral with the help of (2‘4), it reduces to 


II r(6i - II r(i-a,-+»,-|) 2'^+^^+”+^ r(A-m-T-si)r(«H-A+i) 

I- 

2 ^ 2 I 

r. II r((-i,-+;8,-^) ,11 r(^-m+ 1 ) r(-OT-T-8i) r(i-p) 

X rC"^ + 1 4~8l) 4 (t 'Ou r(T4“ld-^+8|) ^ 

r(w+T4-A:+2 +8^) w=o u ! (l-p)tt r(T + 8|+l) r(r+m + l + S|) 


r(T+m + l + «+8^) r(T-hn+A:+2+3g) V{T+m-’k + l + S^ )j^ 
r(T-|“W+^4‘*^4"2-l“8^) b 1 +8?) ; ^ 


now changing the order of integration and summation, in view of [3, p* 500] ; 
which is permissible under the conditions given in (2*4) and (3T), using [9, p. 23(3)] 
and definition (M) of the H-function, the value of the integral is obtained. 

Proceeding as in (3T), the following integrals can be established with the 
help of (2-1), (2*2) and (2*3) respectively. 


(3-2) 


\ m, n p,q 

(1-^) 2 (l+^)-P 

A; — 


^ {l+x)^ 


{ (^7-5 ^r) } 

{ {bs, 13s) } 


dx 


— 2^-m+^+i H 


P} ?+2 

r+2, ^+2 



(-<’'-”1 8), S)j {'(^r) ®r) ) 

{ ( 6 s, ^s) s), (m-T-A-"-!, 8) 


provided S > 0 ; k - is a positive integer, /t is an integer > 0, 
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Reim) < 1 , Re{<T + « + 8 > - I (j *= 1 , . . . . , 


(3-3) 


f (lr-x}p(li-x) 2 /> ”*> ” (at) H ^ 

<!-*)« j 

{ (^r, «r) r 

r, .r 

L 1 

{ (^«> }- 


dx 


‘ f-ij ^jp+l,q+l 

■ ITA-m-l-li '■+2,^+2 


2^^ 1(2 ® ) 




, ^ . m - n , . , . 

where B 0 ; A: ^ n a positive integer, A* is an integer > 0, 


! ■ J+, + T ^ '■ ^ i A ’T, I ^ («^.) ^0, 


jrf 1 


ie«(n) > ~ 1, Re(P J m + BbjlPj) • - 1 (j = 1, ^1. 


(3-4) 


I 

J e -*)'’(> 

-1 


+ .vr?"’’” (*) xm 

r. '” •• r, J L 

A - 2 ' 


{(ar. "r> ) 

{(*-. 




2P+fr- 


x* ( ^ jfi ^ 4* ^)u 


WssO a irfl - m + a) 


X H 


/>, 9 + 2 

r + 2,^-f 1 


OT - n . 


^.2“S 


^ ^ _ (Tj 8 ^ j -p— a, 8 j >{(ar »“r)} 


! {(*„ /’«)}, 


m- n 


P -”■ - \ - u, 28 


provided 8 > 0 , i is a positive integer, k is an integer > 0 , 


I (aj) - 2 (Pj-) 4- I (/iy) - 2 (/’,•) = X >• 0, I arg ^ I • : | X ’r, S (O .) _ £ („ a ^q, 

Re{p - J m + 8*y//3/) > - 1, /?«('r + i n + > - 1 (j =» 1, 2, . . . . , p). 

4. Particular Cases •. Various particular cases of the integrals evaluated above in 
section 3, can be obtained. Some interesting cases are given here. 

In (3*1) replacing p, q, r, s respectively by I,p, p, ? + 1 and choosing the 
other parameters suitably in view of (2-6) wc obtain 


/ T J. ^"f-p n-<r ?n, fi 

(l-At) 2 (H-^)'2 P, 

.1 * — 


P, (T 


{(^p, '^|»)} . 

m> ^9)} ’ 




dx 
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X 


•= + « +1) I (- l)u - P + I + 1)m 

T{k-m + 1) « [ r(l - P + «) 


2, ^ + 3 
X H 

/> + 4, ^ + 5 



(- K - T, 8), (t - m-u, 8), (A - ■r-m, g), {(l-ap, «„)}, (- 


2h 

{-k-m-r, 8), (0, !),{(!- bg^, 8^)}, (- r + 

-7W 





\ 

k-m-u 

J 

.J 


where 8 > 0, A 


TTZ—rZ - p— cr 

j ‘ ^ are positive integers, k and I are 


integers > 0, I («^-) + 1 - I (^,-) S X > 0, ( arg ^ | ^ X ^ 1 + I (/?,•) - 

2 (®j) ^ 0 iJe(«) > - 1, Reir) > _ 


j ^ ? = »■ = 0, ^ = 2, == 0, 6, = - R, = 1 

and ^2 =/^, by virtue of (2-7), it reduces to " 


(4-2) / 


- - \ "I” W p ^ 

(1-^) 2 (l-l-;^) 2 P {x) p' p.„{>c) {z(l--x)^)dx 

K g- L — -~ 


X H 


= ^ ..(lOyjo:- p + 1 + \)u 

l{k -m ■\- 1) „_o « ! r(^i _ p ^ 


2,3 
4, 6| 



( - T - a, 8), (t - »1 - a, 8), (A: - T - g), 

{-m-r. 8) 


2h 

( - ^ 8)» (0, 1), (- V, /*), f - T + 

-m 

\ 

—n-k-u - 1 

. 8 ) 


\ 

k-m-u 

j 


1 7 m-n j P-or . . 

where 8 > 0; A; ^ , I — ^ are positive integers, k and I are 

integers > 0 , (1 - /*) > 0, (1 + P) > 0, ( arg ^ | ^ (1 _ p) ,r, Re(n) > - 1 , 

Reij) > — 1. ’ 

Taking /> = ? = r = ^ = 1, = 1 -v, = 0, = 1 in (3-1) and 

using ( 2 - 8 ), we get 4 r-i v ; 


1 

(4-3) J (1-^) 
-1 


--L»i + P n-o- 

— (I +.r2 p ^ M p». ■' (,) ^ (,_,)«) * 

*-r '- 2 - 

^ 2 r(A: 4- n + 1 ) J (- Z)^ (cr ~ p + / 4 . 1 )^ 

r(v) r(^ --m + 1) ti=o u ! r(i - p -|- «) 
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X 



X H 


2,4 
5, 5 


2h 


(_ „ _ T, 8), (t - m - u, 8), (k - T - m, SX (I - 1 ), (- m - r, 8) 

{~k - m - r, 8), (0, 1), {-r -m, (--r ~n~k -u - 1,8 { t ■k-k~m~u,S)_ 


provided 8 > 0; A , I - ^ integers, k .-ind / are integers > 0, 

1 arg ^ [ < IT, Re{n) > - I, Re{r) > - 1. 

•faking <7 = i8r* ^ 1 (.7 = 1, 2, . . . . , r ; A == 1, 2, . . . . , .t) in (3-1) and 
using (2-5), we obtain 

1 «HP n-,r , . , \ 

-1 2 2 

^ ,2^’*'”+ * J’(« + A + 1) 4 (- /)„ (cr - P + I 4 1)„ ^ 

T{k ~ m + Ij u^-a I l'(l - P+ “) 


X H 


^ + 1, 9 + 3 


r + 4, f + 4 




m - T, 8 ) 

2Sc 

\ / 

f 

- m 

1 1 8 ) 

j 

(- k -- 7 « - T, 8 ), {(i«, 1 )},^- T t 

^ n k - li - 


k - m - u 

1 ^ J 


where 8 > 0; A - , I - are positive integers, k and I arc integers > 0, 


(s-r) 0, {r + s) < 2 {p + q), \ &Tg z \ < iP + q - i r - I s) Rein) > - 1, 

Reir + S bj) > - I ij <= 1, 2 ,p). 

In (3*1), putting == jih — ^ U — 1, • ■ • - f ; A = 1, j) ; 

replacing ?, r, J respectively by 1,17+ and setting the other parameters 
suitably in view of [jl, p. 215(2.)J, wc get 


I 

(4-5) J(l-^) 
-1 


m+p n-<r 

(i+.) t 

^-2’ '■”■2 


«j,; bi ,.., hq ; zi\~x)^)dx 


2^ + n+l i + 1) j (- (.r ... P + t + 1)„ ,, 

r(A ?n -}- 1 ) ‘1/ saO M ! 1 ( 1 "«* P II I 


p + 1,4 

X H 

2h 

f- “ + 1 4 1 J» s). s)» (1.1). {(*,.1)). ( 

/ -m 

-m~T, 8) 

q "i- 5y jf) ^ 4 


i-k - m~ r, 8), ((fljp, 1)}, ( -t+'i - « ~ A - a - 1 1 

, 8) 



^ [ A - m - H ' 

/ 


p n'Qr* 

where 8 > 0; A: - - , I — ^ are positive integers, k and I are integers > 0, 
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{p- q)> i, I arg ^ 1 < i (jj _ ^ 4- 1) Re(n) > - 1, ke{r + s Oj) > - 1 
{j — p). 

Taking s = 2, q = r = d, = I tx - 1 v, = I I 
and = 02 = I, the integral (3T) with the help of (2’5) and [1, p. 219(47)], 
reduces to 


(4-6) I (1-^)^ 2 ( 

-1 


= 2^+” r(^ + « + 1 ) ^-T h (- 0« (o- - P + / ■+- 1),^ 
T{k -m + 1) it=:o u ! r(l “ p + u) 


3, 3 


« 4- 1 ^ 1 ^ [, s), (A; - T - m, 8), (- m - t, 8) 


- 

X H 

2S^ 


—m 1 

4, 6 

„ 

(- A: - m - T, s), (4 p - ^ V, 1), (i p 4- 4 1), ^ 

1 

+ 

-n-k- u-\ , sj 
k-m-u I / 


, 772-/2 P— O* 

where 8 > 0; A Y ‘ ^ ~ ~T positive integers, k and I are integers > 0, 


arg ^ 1 < TT, Re{n) > - 1, Reij + 8 m ± i v) ) > _ 1. 


Putting /> = r = 2, ? = 0, r = 1, - A + 1, 3, = a+ ^ 5^ = a _ 

f* + i and «! = = ^2 = 1 and using (2-5) and [1, p. 221(68)], the integral 

(3*1) reduces to 


1 T4-§i2+ l^±P vdsf' 

{1-7)J(1-,) 2 (1+,) 2 


2 " 2 

■ 2_jl” j ^ r(^ + « + 1) g ^ ^ (- Om (v - p 4- 7 4- 1) 


I{k-m 4- 1)' „=o ' tt"! r(l -p 4- «) '”■ ^ 


X H 


3, 3 


5, 6 


23^ 


(" “ + I T-m |> s). 


( k W2 - r, g), (a 4- p -j- (a _ ^ i)j^_t4. 


1).(- 

m - r, 8) 


r 

-m 

\ 

(-t4- 

-n-k-u-l 


\ 

k-m-u 

j 


where 8 > 0; A - ^ are positive integers, k and I are integers > 0, 


p-v 


I ^ ] <~ , Re{n) > - 1, Re{r + g (<J ± P 4- I) ) > - L 


[ 135 1 



It may be noted that the generalised Legendre associated function reduces 
to associated Legendre function on setting m ■- n and to Legendre function on 
putting m = n = 0, therefore many integrals involving such functions can be 
obtained as particular cases of the integrals rstablished in section 3. 

Acknowledgement 

I wish to express my sincere thanks to Dr. R. K. Saxena of G. S. Technolo- 
gical Institute, Indore, for his kind help and guidance during the preparation of 
this paper. 

References 

1. Bateman Project. Higher transcendental functions. Vol. 1 McGraw- 
Hill, 19.3. 

2. Braaksma, B. L. J. Asymptotic expansions at»d analytic continuations 
for a class of Barnes-integrals. Compos. Math., 15 : 239-341, 1963. 

3. Bromwich, T. J. I. A. An introduction to the theory of itifinite series. 

4. Fox, 0. The G and H-functions as symmetrical Fourier kernels. Trans. 
Amer. Math. Soc., 98(3) : 395-429, 1961. 

5. Gupta, K. C. and Jain, U. G. The H-function 11. To appear in Proc. 
Nat. Acad. Sci., India. 

6. Kuipers, L, and Meulenbeld, B. On a generalization of i.egendre’s 
associated differential equation. Proc. Km. Ned. Ak., v IP. Amsterdam 
series A,60(4), 1957. 

7. Meulenbeld, B. The generalised Legendre functions with special rela- 
tions between the parameters. Math. Z^itschr, 75 ; 192-2U0, 1961. 

8. Meulenbeld, B. and Robin, L. Nouvctiux rcsulttus relatifs Aux. fonc- 
tions dc Legendre generalisees. Proc. Kon. Ned. Ak. v. H’. Amsterdam, 
series A,64(3), 1961. 

9. Rainvillc, E. D. Special functions. Macmillan and Co., New York, 1960. 

10. Wright, E. M. The asymptotic expansion of the generalised Iiypcrgeo- 
metric function. Jour. Lond. Math. Soc., 10 : 286-293, 1935. 

11. Wright, E. M. The asymptotic expansion of the generalised Bessel 
function. Proc. Lond. Math. Soc., 38|^2) : 257-270, 1935, 


[ 136 1 



Proc. Nat. Acad. Sci., Ifidia, 39(A). tl, 1969 


Liquid solid countercurrent distribution of fatty acids 
of Brassica oil with Urea. Part I Brassica compestris 
variety TS Pb. 24 

By 

S. K. ARORA 

Punjab Agricultural University^ Hissar 
[Received on 4th April, 1967] 

Abstract 

The fatty acids composition of Brassica campestris variety YS Pb. 24, evolved 
at Gurgaon sub-station of the Punjab Agricutural University, has been found by 
liquid solid counter current distribution with urea. The main components of the 
fatty acids are palmatic 0*66, stearic 1*71, behenic 3*3 1, lignoceric 1*32, erucic 
50*6, oleic 20*49, linoleic 15*58 and linolenic acid 6*29 percent. The fatty acids 
of each fraction were confirmed by reverse phase chromatography. 

Introduction 

Brassica oil is known for the complexity of its fatty acid composition. Among 
the saturated fatty acids it contains palmatic, stearic, behenic and lignoceric acids, 
Erucic acid is the major unsaturated component. 

According to Crawford and Hilditch, the higher saturated fatty acids are 
diflBicult to estimate individually, as it is not certain whether they form binary 
mixtures in all fractions. Use of urea complexes in the segregation of mixture 
of higher fatty acids has been reviewed by Schlenk and Holman^ and by Newey 
et aL^. Swem and Parker^^ have described its application to the isolation 
of oleic, linoleic and concentrates of linolenic and linoleic acids. Recently Sum- 
merwelP® undertook a liquid solid countercurrent distribution of fatty acids with 
urea. The adduct forming property of fatty acids with urea was also used for 
finding out the composition of various oils and fats by Mehta et al. 

In the present investigation, fatty acids composition of the oil of variety 
YS Pb. 24, evolved at Gurgaon sub- station of the Punjab Agricultural University 
was taken as this has not been taken up earlier and SummerwelFs method 
was employed to fractionate the fatty acids in conjunction with Reverse Phase 
Chromatography. 

Method and Material 

Oil of Brassica coinpestris variet y Yellow Sarson Pb. 24 was saponified and 
mixed fatty acids were obtained after removing the unsaponifiable matter. The 
distribution was carried out in a series of 500 ml erlenmeyer glass stoppered flasks. 
For fractionation mixed fatty acids 18*1 gm were dissolved in 200 ml of methanol 
in flask number 0, and 10 gm urea was added to it. The flask was warmed to 
dissolve urea, kept overnight for adduct formation. A series of conical flasks 
numbered 1 to 6 were charged with 10 gm of dry urea. Sufficient saturated 
solution of urea in a mixture of methyl alcohol (70 percent) and ethyl acetate (30 
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percent) was prepared. The supernatent liquid from flask 0 was decanted into 
flask I and saturated urea solution 200 ml was added to flask number 0. Both 
the flasks were warmed to dissolve the contents were kept overnight for adduct 
formation. The process of addition of saturated urea solution to flask number 
0, and warming of all the solutions in different flasks and transfer of the super- 
natent Solution to the next flask was repeated. The quantity of solvent in flask 
number 6 was reduced by distillation under reduced pressure. All the fraction 
were treated with warm acidulated distilled water followed by extraction with 
ether to obtain fatty acids. The fractions were analysed for Iodine and neutralisa- 
tion value by A. O. A. G. methods^. The confirmation of fatty acids of each 
fraction was made by Reverse Phase Chromatography^. The composition of all 
fractions was calculated by Hilditch’s method*"^. The results are recorded in 
table 1. 

Discussion 

The data presented in table 1 shows that by liquid solid counter current 
distribution with urea the fatty acids are uniformly distributed. Bchenic acid 
(3-31 percent) is the major component among the saturated fatty acid and ctucic 
acid (50*60 percent) is the major unsaturated component. The order of saturated 
fatty acids are behenic, stearic, Hgnoceric and palmitic while that of unsaturated 
fatty acids are erucic, oleic, linoleic and linolenic acid. The unsaturated acids 
were fractionated in all the flasks (0 to 7) while saturated acids were fractionated in 
the first three flasks (0 to 2j. Erucic acid was fractionated in the first three flasks, 
along with saturated acids while the flask number 3 contained pure erucic acid 
fraction. Maximum concentration of oleic acid was obtained in flask number 4, 
linoleic acid in flask number 5 and linolenic acid in flask number 7. 

The perusal of data in table 2 shows the variation in the fatty acids composi- 
tion of Brassica oil. In the present study the fatty acids composition of Brassica 
compestris variety YS Pb 24 evolved at Gurgaon sub-station is taken, which also 
shows variation in the composition. 
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Abstract 

This paper deals with a theorem which is a grneralisatitm of the theorem 
given by Fox. With the help of this theorem certain self reciprocal functions for 
the H -function defined by Fox have been obtained. A nninber of particular cases 
in G-funclion have been also included. 


The function A(x) and Afx) arc said to form a p.air of Fourier kernels if the 
following pair of reciprocal equation arc .simtiltrncously valid 


/m 

f[y) dy 

fix) 


(1) 


I h[xy g'y) dy (2) 

J 0 

The kernels are said to be symmetrical if A(x) = h{x]. Fox [2, p. 408] has 
proved that a function H{x) defined by 




I’r Tib„, + crns) r(a„ - 




«aal 


^nJf) 


fl r(A»» -|- Cfy^ “ CffiS) /l — Cf, irt-t) 


x'^^ds 






is a symmetric Fourtier kcrneL 
Wc shall use the symbol 

m, n 


H 


P> n 


f {%)» ^f) j 


for the function defined by 

H ^ I * (%>» %)) 1 

A ? I s {h> ^1)9 * • * * Cqj J 


.i;- / 


JlHii-V) ft r(i-.^ + ,^,) 


L . A r(i ~bj + cjs) fr r(dy 


- x**ds 


5=a4-i 


«i-f) 


*Prtnnt eidren ; Department of Mathematict, Aligarh Mualim Unlveralty, Aligarh, 

i 00 ] 



(3) 


under this symbolic notation 


Hi,) = i//’ ^ r J f 1 

^P> 2?L {^2> ^a)* {1 - ^a - ^3) ^a) J 

where the notation { a^, ep } denotes the ordered set of parameters 

(fll, <fi), <l2> > 

A function/(A:) satisfying the relation 


fi.x) 


Kxj>)f(jy) 


dy 


is said to be the self reciprocal function associated with the kernel All 

symmetric kernels can be associated with self reciprocal functions and vice versa, 

A set of conditions have been obtained by Fox which determine a self 
reciprocal functions for the kernel H{x) which further suggest us more general 
theorem by transforming the kernel H{x) in more general form say k{x) associated 
with the self reciprocal functions. 

In section 1, under the identical set of conditions as given by Fox [2, p. 411] 
for H(x)y we shall prove a theorem for the kernel k{x) and in section II, functions 
have been obtained which are self reciprocal for the kernel k{x). 

Section I 

If (S) is a symmetric Fourier kernel, then it is easy to deduce that 


kix)^n a:<«-W2 


H 


^ \ 
^ ^ J {kqy Cq}^ {1 bq — Cq^ 4 ;^} J 


(4) 


is also a symmetric Fourier kernel. 

If the Mellin transform of the function mentioned in (4j be denoted by P{s)s 
then we write 


P{s) = 


where 


ML 

iiM 


diS) 


r[i,- + -f I-- ^ 


If we write 


2n 


dx 


k^ix) = f kix) 

J 0 

then by virtue of Mellin inversion formula [I, p. 307], we have 

We can now state the theorem in the following form : 


(5) 
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Theorem I 
If 


/(*) d'x f{y) 
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/ <? p 
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,p.l 
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\ ^re4 ^sal 

(Hi) 

/e«(4-) > - r_,V2, J 


tl 
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(*o) 

•£(1 - j) is an even 


* -^-2 (i *• 1 


P and 


, . 1 ri+i* 

~ 27it f • 

*> * J 


where ^.(■s) is given by (5). 

[2, p.Ini theorem h identical with the theorem given by Pox 

Theorem liA) 

If conditions (t ), (»), (m), {iv) of theorem I holds and 
m r 4(1 .. ioo , I "h ICO i 


. If i + i" „ 


where 


l^shi a 

n r 

i=i 


‘i+«i {i +i- i. ) J J r^-,^ ( .1 +l_^‘ y 

ve theorem reduces to the theorem given by 


Fox ~ ^>rn - l, above theorem reduces to the theorem 

Theorem J(B) 

If conditions fi), ffi), (iit), (iv) of theorem I holds and 

^ , I + ICO ) 


then 

where 


1 
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Section It 

In this section, we shall find the function /(a;) which are self reciprocal 
functions. 




l n 

u T( fj + isjs) n r(i - dj ^ ap) 

.n .II i{d^^ap) 

y=?+i ^ 3=^n^ri ^ 


which satisfies the functional equation = E(l - s) when I == n, r = t, aj z=s {jj 
and I —fj ~ /3^ = dj^ j = 1 , . , . . r. 

Then we obtain by theorem I, a self reciprocal function given by 


h r(i,-+ ~i- - cjs) 


CO p 11 


r(l - dj - aj + ajs) 11^ r(l - - ajs) 

jll+i "" jll+i 


[fi )'-]■■* 


i=l+ 

Hence the function 


~) H ^ r^- V * 

r’-\^p,r+qWn J 


{^n ^r}> 'I ^ 

1 1 bq^~\-Cq 


p-^p[ 4 + 2^)’ ?; 


( 9 ) 


is a self reciprocal function for the kernal mentioned in (4). 

If we replace a^y e^y by 1 — a^, \epy \cqy take m = ^ and n ^ \y then by 
virtue of the property 

« r ^ 1 >) 1 kH 1 ^ 

/*> ? L {^ 2 > Cg} J /’j ? L I {^gj ^ ^ g} 


we get a self reciprocal function 


ff ^ ^ ^ {dr, Or}> {1 - ^jp - lep, Sp) I 

j r-j-g _2 (bg, Cg}, (I — dr - ^ct^, a^} J 


for the kernel 


^ +P: 


(10) 


y^2~B 


<1>P 

2p,2q 


\Clpy Bp^y (1 dp 
bn 




{bq, rg}j {1 - ^2 - kCq, Cg} 


( 11 ) 


... . “g a-gj ■'2/ j yii.) 

taking a®, c® and e® equal to unity, we get a self reciprocal function 
given by Sharma [3, p. 118] 
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r, t -v q,t 


^19 > • • ‘ ^ r > ^“^1 >••••§"* 

. . J - rfr 


r + A r 4- ? L 2 J - rf„ 

for the kernel 


VF G 


• q>P 


2p, 2q 


x'l Of, ... . ap, I - «i, . ...... I - (ip. 

4 b^, .... l>q, I - b^, ,1 - bff 


Similarly, with the help of Theorem 1(A) and 1(B), we get other self reciprocal 
functions given by 


// 


/ f q, I + P 

r +P,r -4 g 


|l - fljf, {rff, %} 1 


( 12 ) 


and 


(-■)h + ^ 

\nj r i p,r-\- q L\n 


1 ~ a. 


p + «j> 2^)» « I 

I 1 - I 4- |, {1 - dr **r> 


(13) 


for the kernpl mentioned in (4). 

On taking n, «'*, o'* and c'* equal to unity in the relation (9), (12) and (13), 
we get the self reciprocal functions giveit by 


and 


m 


m (, 


m 


1 ^ d* ^ 

, 1 
fid X 1 

df, . . .. 


a, - 1 , ... . 

r p, r 4 r q . 
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(15) 

(16) 

(17) 
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Abstract 

We extend the comparison technique, comparing the solutions of a system 
with those of a scalar equation and obtain many results for Neutral Functional 
Differential systems. By this we also extend the results of Fred Brauer and 
Laugenhop. 


Many results have been obtained by comparing the solutions of an ordinary 
differential system or of a functional differential system with those of a correspond- 
ing scalar difterential equation. We extend this comparison technique to study 
various properties of the solutions of Neutral Functional diff-^rential equations. 
In this paper we consider the equation 

(1) x'{t) =f{t, x{t), X ( g{t) ), x'{h{t))) 

for t > Iq with x{t) = ?{t) on [or, /q] 

where x = ^2 > • • • 5 

f ^ • • • fn) > ^ = (^i> §2y • • • Sm) 

h = (^15 h^y . • • hf)» For ct <c. tq 

« < ^ ^ (i = 1, 2, . . . m) 

^<hTc{t)^t {k—\y2y,.-p) 

for all t '> tq and x'{h-k{t)) = d The word ‘‘Neutral” is used because 

the equation could be considered both for retarded arguments as well as for 
advanced arguments. 

Suppose/, g and h are continuous function of their arguments in ' their 
appropriate domains that is/is continuous in t, x{t), x{g[t)) , x^ {h[t)) in tfe domain 
D = (an open connected set) in an (1 + n -f -f np) 

dimensional Euclidean space. Let D’ be the projection of D on to the t - axis. 
A solution z{t) of (1) may be defined if it satisfies the following conditions : 

{i) [ty X{t)y X{g{t)) ) £ Z) -F 

for each compact set F C Z), f ^ 
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x{i) = m 


(«*•) 


a <t < t„ 


{in) x{t) =fit,x{t),x{g(t), x>ih[t})) 
for almost all t e {l^, /■<) 

ns.. J{<) arc any two solutions of ( 1 ) defined on an interval K /?! we 

ust tMC following metric m out paper ■ ^ 


xit)-g{t) 


Sup ] x(s) - j(.r) 
"< s < (i 

r/.f 


+ r I a'(j) “/(r) I rff 

J a 


t.. and uniqueness uf Neutud Functional Differential Equatiom 

have been discussed by many authors. R. D. Driver has given references of banv 

by the rwIiuTo^ywr 0«»- l^M^t worh is inspired 

Tkeorm 1 : Suppose w{t, r) is a uonnegalive continuous function defined on 
f f i « [0, 00 ) and r > 0. Suppose /(t, sr, x, z) satisfies the inequality. 

^2) II + X [/{t, A(/), x(g(j)), x'(A(i)) ) 

-fi^>J’(f),j>ig(i)),y{Mi))) J li 

< II 11 + II X~J I ) 

»oi) wiu. 

Let r(() be the maximal solution of 
r = r) 

with r(tg) = To, existing for all t > <„• 

(4) Then |] x{t) ~y{t) li < r{t) {t > /„) 

(5) provided H •^ - ^ || < rj,. 

Proof oj tkeorm I : Let m(t) « i] A(i) _ y.r) I) where xtt) •m.t „ r ....... . 

solutions of (1) with their initial functions j,[t) and ^(r) such that ' ^ ^ 

II ^ - 0 il To 

m{t 4- X) «3 II a(< 4- x) - y{t 4- X) II 

< II [t) -ft) + X [/(/, x{t), x{g(t)), x'{h{t))) 

-fih^{t),j{g{t)),y(h{t))) ] II 
“F X + *2 ^ 
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wliere and tend to zero as A 0 using the inequality (2) we obtain 

(6) lim sup m(t)) 

\ — > 0 -f- A — 


Let (t) be any solution of 


r'{t) = r) + e 
= ^0 

where e > 0 is a sufficiently small number. 
To show 


( 7 ) 

of 

c- 

( 8 ) 


m{t) j< (/) for t ^to 

If the inequality (7) does not hold suppose there exists a point ^ to the right 

such that m{t) — r (^) and that m{t) > {t) for t > C sufficiently near 

e 

At such a ^ the right hand derivative exists and 

lim sup [ m{C 4 A) - m{0 ] , / 

A 0 + A = H 


= Mty r^iC) ) + ^ 

which contradicts (6) 

Hence the inequality (f ) holds 

lim r (t) = r{t) 

£ 0 

Now the result follows. 

Theorem 2 : Let the assumptions in theorem 1 hold. Suppose the maximal solution 

r' = w[t^ r) 

with ^(^q) = Tq = 0 

is identically zero. 

Then there is at most one solution of f 1) with the initial functions ^ at 
t = ^0* 

Proof of theorem 2 is analogous to that of theorem 1. 


Coroliary 1 : Suppose w[t, r) = k r+f \^here^ is a constant and r > 0 is sufficiently 
small then the inequality (4) in theorem 1 reduces to 

11 x[t) -y[t) ||j< ro ~ 

this extends the results of FredBrauer to Neutral Functional Differential Equations. 
Corollary 2 : Suppose w{t^ r) — v[t) g[r) where g[r) is a non-negative continuous 


function. If G(r) 
easily prove 


/ 


^ dr 
0 




and G"’ is the inverse function of G, then we can 
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\\x{t)"y'n\\< G(ro) i 

r I 

as long as Gir^) 4 <^5 Hes in the domain of 6‘*‘ for all t , ; ig 

J ‘o 

This extends the resnlts of Laiigcnhop to Neutral Fitnctitmal Differential 
Equations. 

Remark 1. Many prniierties including the stahility and bounded)i> ss prop.!r- 
ties defined with re>-‘pect to <v clock space studied by J. D. Massera' s iitsfied by a 
scalar differential etmation imply the correspontling properties satisfied by the 
Neutral Functional Differential Equation (I). 

Remark 2. If_y(f) instead of being a solution of (1 5, is an clement of a non- 
empty set s, then we can study the stability and botnidcdttess of a set with respect 
to (1). This extends the results of Yoshizawa”. 

Remark 3. The above results can be extended to the perturbed equation. 
x{t) x{t)f x(g[l))f x{h{t)) ) 

+ Fit, x{t), xig'l)), xihlt)) ) 

where F is a perturbed function and obtain similar proprrtirs tinder constantly 
acting perturbations. 
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On Fox H-Transform in two Variables 


By 
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Abstract 

The Laplace Transform in two variables is defined by the convergent double 
integral 


form 


«^(A q)=pqr r /(*’ J') 

Jo Jo 

In the present paper, the author introduces a generalization of this in the 




(^ns 0 

{pmtt 0 


\H 


a, 0 


where 


A.'"'" 

X /(*, y) dx dy 


d) 1 
(/“, d) ^ 


/ r I {Uy, efj "j I (*^i> ®i)) • • • > (Mj-) ^r) ~\ 

r,tl^ \ {vt, c<) J ~ r, H ^ Ci)> • • • » (»«> J 


l! I 

II I {Vj^ - Cj.s) II ! (1 - UJ + ej.s) 

' f ^ 

2« J ( r 

^ K ^ ~ i ("J - 

J=l+l 

is the H-Function of Fox which is more general than even the G-Function of 
Meijer. 

Enunciating lome fundamental theorems, the author obtains images of a 
few functions in this transform and further establishes a theorem which together 
with the other results obtained offers a set of most general results from which, by 
specializing the parameters involved, almost all the results of Rathie published in 
a recent paper may be deduced as particular cases. 

1, Introduction : Fox [4, p. 408(52)J has defined a function 


(1-1) 


c+i CO II I (* II J (^n ” 

1 p m=i n=i 


ds 


c-ico II \{pm + Cfn. - c^.s) II | ^2^ “ + 

m=i n=i 


^Present address : Department of Mathematics, Government Degree College, Damoh, 
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wliich is more general than Mfijfr's (1 Fum ticn. Hr isas ! ]ti<(V(’d tl«t 

it is a Symmetric Fourier Keriiej. Rrrmtly V'rrHiu |7) has sh»nvs» ih.it the kernel 
plays the role of a transform and has rlrfined 





as the Fox-Transform of/hv wlu’ii the integral on the right rot>vergrs. 

In the present paper we intrtHhie. this ftiiir.tlon to gmrr.dis'r the well-known 
Laplace Transform in two v.irialdrs : 


(1-2) 


fuX: y; fix ll>ih If" f'K 

0 


wMch, by analogy with tbi* noiiiiion of oprratiioiat ralriilirs iii orir I’^iirialile we 

denote an 

and put tlie general i3r.atioii %% i 


(1-3) r r //!'*; 

J 0 J 0 


Mi>„, *•! •>kp,dY\ 

X £%* dp 


where m > /i, j arg p I < rt c. 

.. 


1 arg^^ I < ir d ; iare positive real eon^taiitfu 

I 

f{x^y) » 0(x ^ ) for jsmall x.^ 


^0(j * ) for small J* 


ij(/, 4 ) ^.0,r(^ /„ +-J* 4- I ) - . 0, / 1, 3 

i =-= 1, 2, 3, . . . , rt-. 

Here, following Gupta [5, p. 98(4i|, we delitic the 11 Funefuni in the form • 



w 

(Ufi 


X 1 ‘ 

» . , 'iif. fr'. 

r, t 


(Pt> Pt) . 

L t 

! <e,, e, '. . 

* • » ' 1, f| 


(1-4) 


2m J 


h I _ 

II ^ (ry Ci.s\ n 1(1 - uj 4 fi.i 


,rf 






i=fc+i 

we shall represent (1-3) symbolically hy 

H 


/sai + l 


l\u^ ejjt 


KP> ?) 


m, n; a, p 




r ^50 1 



we shall also use the notation 


H 

Kp) =fix) 

m, n 


to denote the transfor(m 


(1-5) iipl = if H * 

It may be remarked here that when x = /i = c — d = ^, 

m = 2 = «, J i»2 = 4 - ^>/i = 4- +^ = f-2 = i - ^9 = 


n = 0 — Pi 


then by virtue of the relation 


H q’ 2 r ^ ' (I + -i ± i)1 = 4. Ky (2 


(1*3) reduces to the form : 


(1'6) ?) = ? [ . f {p a:)^ (qy)^ Ky{p x) K^{qy)f{x,y) dx dy, R{p, ?) > 0 

which is Meijer’s Bessel Transform of two variables introduced recently by Rathie 
[65 p. 41(4)] and symbolically denoted by him as : 

V, f* 

The following results shall be requir.ed in the sequel : . 


(1-7) x-h’'’^\x\ K"'- + ”■ 1 

^ ^ L ’ ct) J r,t\_ ^ {vt (T ct, ct) 

jy ^5 ^ ^_1 I ^f) 1 ^ *1 

Tj t ^ I J r ^ (1 — Ufy ^ 7 *)J 


r, t 


r“ F / r « 1 

Jo »■> f L I (»«» <^<) J 

II^ ' (»J- + cj.i) 11^ 1 (1 -«y - 


. II i (1 - - ^ 3 -^) . II I (“i + 

^=^+3 ^ ^=Z+1 


provided — min R ^ < R(s) < 


1 


- -maxiE “^■ 

1 
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I r ^ ^ 

y isa 'S (ei> S '<?/i -f' S ‘i‘j' “ 

/et ■'■ i«« + l •' i®! ■' /t-al’f’ 


and 1 arg («) ! < | "y ’^• 


,, r«, n 
H , * 

9 I, 




^r. K- 1 

*/(,«! ' I 


/ 4 - w> « + ^ 


:(«(,;/) I ■ • » «..» \ 1 ^* '■ 

i / ^«i I' 1 

1 :,... 


«« «! 

i’ I 


'X(/ 3 )''A 


/»+/,<? 4 r /i„ ). ^ I f r - “■ , ^ 


. ^«l 1' 1 

/ < 

4).n» „ 

. . . .Up, 

' t f m \ f , 

hr 1 

1 1* ^ > 

L /wf A 

.t /’ 

(h Jq 


where — <r min 


in • . A*u) -.; '^ ->f max tli^^ ) 

V/i/ ' ''i ^ 


1 


1 < i . « 


n P rn fi 

v= s (>,-)“ . ii !>/) 4 'ii*-.- ''/i' • ». 

/sal ‘ i jasi J»;'airri»|4 

j arg 1 ^) 

with the corresponding conditions involving dp A» |l| rtc, and 


Amin J. j + nuni?^^’^ j 4 * 1 >* (I 

1 <i < A* 1 < j ' m 


1 <i< A 
1 - max R(nj) 


i - max 


1 ^ J ^ I ^ J ^ i 

The symbol A {n ; a) shall be used to dmole the set of paraiiirirri 

a ^ <^ 4-1 ft 4 « ^ J 

ri ’ " n " ' * * ' ^ " ti ■ " 

2, We enunciate a few fundamental Theorems. The proohi are simple and may 
be omitted. * ^ 

Theorem L 

(2’0 If HP><}) f'X,v>, 


p q\ H 


m, n ; o, [i 


/(««» h) 
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’Theorem 11. 


(2-2) If <}>i(p, g) 


H 


m, n;a,^ 


1 — i, 2, 


then 


/" /■ .)/.(«. .) W“. ')/* 




di> 


uv 


provided the integral involved are unifoi'mly and absolutely convergent. 
Theorem IIL 

(2-3) If f{x,y)^f,{x).{f,{y), 

then q) = p^{p). p^{q) 


where. 


q>,{p) .=£= fix), PIP) — fix) 
m,n a, p 


provided the integrals involved converge. 
Theorem IV- 

H 


.(2-4) 


If i>{P> q) 


m, n; a, p 




then (a) f f v) ^ J f(u,v) 

pa ? 


du dv 
uv 


p a 


iP) f f p[u,o)^^==^=^f f f(u,v) 
■’oU m,n;a,p J ^ 

w J' J* t («. .) 


du dv 
uv 


II \{bj + c{2^p)) II |{/j + ^(2-v)} 

j=i ^=1 




II|{«^- + <2-P)} fl |{Ay + d(2-v)} 

J=t 5=1 

X J J v) du dv. 

provided the integrals involved exist. 

3. We shall utilize above theorems to obtain images of a few functions in this 
transform. 

Example 1. Let us take f(x,j>) = x^.y^ we have from (1*9) and Theorem III* 



^(/'j ?) ■“ "■■ 

II ! { «i -f f'jt •}" I) ) ii 'I hi + ,f[h 

4 j 


jm% 




where 


R^a + + 1 ^ , 0, h -f 4 } 


\ 


IL 


i “* 1 . 2 . 3 j I : 5 . . . 

along with the coiKlilioiH yn inlirr jKir^iiieicri «r> givrn iii ' ! - ,1 
So that 

+ ' • ,"•>'/ 1 ■'* I ' 
(3-1) 'v 

II ilaj !• (Iff -f 1 } {l j tij j rf;i I 1 


/i 


w, n i «, /i 




If we put 


, »« 


X * t: m d :e I, „ ,v 0 

== 4 + I-a - i “ .p/, «» i + 2 ,/, i » 

wc get the result [6, p. 43(8jJ by Rathlc. 

Example 2. If we take 

/(*,y = ./H I «.r O' 

then It can be easily seen from Gupta [5, p. that 


f* «,+) ■«» 

e . // 


/ » a H 
* ' 

0 


l+I '« >3 m '2 

1 .a ^ , H 


», w 

2e/> 


provided SW>0,Ji(.. + 

larg^l 


r/»;t i ’f" 

• Omi Ci 


tf* 


i'*) 

•t 

J • 1 1 2, « , . 


w f. 


4 V} 

-f 1,.} 


0 

•» 2 .s «, 


mt 

m ■ ri, 
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Hence by Theorem HI, 

■HP. 1) - ^2. » P-t-K ?■ *),('?- ‘'O’ '> ] 


TT 1 i 


,2 r2 
2,mL' 


2 ’ ^/,\ 2 




(fa> d) 


m, n ; cLj 


Ot -f-l Ct -{-1 j 

y 2 


Putting 


X = ,r— ^ r = = %, n = 0 = / 3 , 

2 Y TT 


m = 2 = a, 6i = i + ^ , ^2 = i - ^ . /i = i + “^king use of 

(1*4), duplication formula for Gamma functions and [1, 2*10(1) (5), 2T1(6)], 
Rathie’s result [6, p. 44(9)] under relevant conditions can be deduced. 

Example 3. Further if 


f{x, y) =: X ^ ^^2 j ^ ^2 j > 


it is easy to see that 


-0^1 m2 o ^1 m2 2 , 0 r -^il 


\ax ^2 ; = 2 

Using (1*8) and (MO) we obtain 


0 , 2 L2 


-2 rr f-a.rrio , ^1 


n, ^ 2 ’ ^ 


j: 


TWj \ TTZ, 0 


jr: ^2 

Vi ^ 


77Z, U p 

n, 772 L 


(^nj ^) 
(^m> ^) 




427?i\ 2 
provided 


m+2,0r fa \ 

»,.»+ 2 U(ir 


(^m)Oj 


(^n5 0 

-a:i7722 ^2 

277Zi 2m| 2 ’ 2772^. 


i? f «, + 5 “ + ^ ^ = 1, 2, 3, , m, m > n, 


, m- n >, 

arg p 1 < — ^ TTc, a > 0. 
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which gives with the help of Theorem III, 

Wfl . ,, w, 

w.«) * »',{'”=*> f.“ V.'“' '' 

16 m, «, \ 2 \ 2 J 



“8 


im, <•'" 


m+2, 0 
^ ^ n, m+2 

fa Yh 
1/^ (2 '^ 


, G 

2«, ■ 2 

■ ,) I’* 

«+2, 0 

U(^rl 


1%. rf' 

H., 

At rfj 

^ ♦»* \| 
2 ' 2 «, .1 

H 

€i* if,. 

i4i,^ ^^1 *1 li 

t /• 

' A 

m, n;it, fi 

|fl P lie 


Specializing the parameters, with 


A « ^ 1,. m 


a, n {) 


<• 


J+o.* 


. ’’ 

4 * 4* 


/. 


^ ® ^ r> I 


tef 


I rf, 


■ 2 ’ *'!2 "" 4 2 

we arrive at Rathie’s result [6 p.44<10)j with the help of j I • » , (hruss’s multi 
plication formula for Gamma functions and a Httir simplification. 

Example 4. Finally, taking 

urns (1-10) to evaluate first the a-intejral an.) then the ...inleRrel we Ret 

r‘ 

i>(p,q)m=> pq (cp) X 
8.( u )>/8 


X H 


«+/+m, k I ^ (l- th- -p l), r.o )h » A/j, rf), 

;8+n+<, a-fm+r | (fl)i/S (T„, rfi, ^ "^s * ) f 1 - «r ) 

' 1 -,. ? ^ S / \ " S / 

(i>h g) 


m, n ; a, ft 


*'» ^ *- e*) 

min /?(^.)+y min«(i /^4 


<m 


<J< * 
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provided 



min + 8 min R 

1 </ < “ 




I f k i 

P == 2 {ej) - , 2 iej) + S (cj) ~ S {Cj) > 0. 

;=i :7=^+i i=i *' •' 


Particular cases : 

Case L If a. = p = 1, m = 1 == a, n = 0 == ^, ^ 0 =/i, 

^=1=^^ 7=3=. ^=1, I z:z 0 = r, ^ = 2, 

— 1 j c= 1 ^ 2^2 = Oj €>2 = Ij 

H-Function degenerates and we get 

(- f ^) "2 /_^(2 -/ alj ;), R { y ) > 0 . 
which is known [3, p. 135(2*74)]. 

Case IL Substituting \ for X|x and putting c — d^\^a=:m^ a, 

72 = 0 = ^ == I := k ^ 1,^—2, 7 =-~ , 8 = = X, /i == v, z>i = 0, ■ 

fx 

^2 = “ -^3 ^2 = -2 ’ 

g) I” ^0, 1 i 1) ] H q’ *5 [ 1 (V, 1) ] X 

X -^0, 1 [ 1 ~ 


h 


ir..M CO. 1)1 l( ^g.p^C-+^)-A . 0 

C*'. 1) J (1 + ? + ij > u 




and we obtain the known result [3, p. 140(2' 113)], viz. 

\^~^\) q pHv+l).\ . . A V u ^ 

'“■(1 + y\5)v+i — ; — y /a(^'^-j) 

Case III. If we take ^ for A/» and m=a=zc = d=^\, 

Vi = 0^ Cj = J, Vq = u - X, C 2 ~ p, we get 

<^(P, f-'' J" [?^|(.-i,i] X 

^ ^ o', 2 1 C®’ C'* “ f‘)Cl </* 4y 
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2^-3 2 iffi'*.? 1 

whicli can be easily prwrd fci be eqna! fn 

with the help of [2, p. 117j3il ami ii. n 2'.*1 f>'M /) . i * 

cylinder funkon. ‘ !M>. * 

Hence j (.) pH 1 + ''^-X ^ ^ f ^ 

325asEiim H /‘■^ ^ 


which is also known [3, p. i60|8*,%tj. 

Lu t,™ " “'•” ■■> s™cn,i 

Theorem F. 


- ri 

m, ; ft, fV ' 


/,-"■ A /, ", 


! ■"“’ \ " 

\ /* *» H / m, B ; Of, /I 


Hpy q) 


XX'M/m. «, ;f !»J- 


X p^i 


"• + ^ ■„'■* 'S + I 


n + n', m + m' 


tt + <t'jO 


[c p{e\fWx 


c' . rf’»3 

X 

«l^| 

, 1 

X**'*. t) .V 

,„4 1 

1 f/,f #/| X 


1 ^ ^ 

\ Wl| 




WL «« 




”3 ' «. 




(^•-t”’>'')-(/v+^'-‘'':‘."':‘- 
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{)rovi(led ttie integrals involved converge absolutely. 
Proof : Using the given relations we easily see that 


KP> q) = pgf f cpx 1^”’ 1// " J dqy 

J 0 J 0 ^3 ^ L (pmy J 


^ 13 ) 

/a, ^). 


'”*-(!•+ “l) ~(l+“2) 


X a; 


X 


00 < 

J. / 


7W , 0 


H 


-rrin 


0 •' 0 n ' L. 


. S 


{a'n'. C) ■ 


dx dy X 

a', 0 


H 




-«2 
d' y «i. ij 


^') -1 
(/'a', ^') J 


dt 


This reduces to the result stated with the help of (1’7), (1*8) and (1*10). 
Corollary : If = ^' = ^ = J' = J, X = /^ == X.' = /x' = ~y=:. 

^'Y TT 

m = 2 = a = n = 0 ~ /5 = w' == ^ 3 

^2 = i ” 3/1 ¥+■^3/2 = i 3 ^1^ ” ^ ” 2 ’ ^ ~ ^ 

y^' = J- 


we arrive at the following 
If q)c 


K 


f{x,y), 


V 3 /z 

-m, ~n, 


r ^zl \ K 

pm., 


then, 


“TWo 


KP> ?) = (2^) 2 -«i-« 2 -«i-« 2 . (2 m,) «»1 

X (2«3) ”1 


(“i+|)+i 


X 


^ (" 2 +l)+i) ^ (“i+D ^ (“ 2 +i) 

. p . q^i 


noo 

(ii)i g(j, f) X 
e 


X G 


2 mi+ 2 m ,,0 


( p r ^ f 

_ \ 2 m, J V 


2»*2 r s 

2 mi 


X 6r 


0,2mj^+2% 

2/2i+ 2/225 ^ r / ^ \2%^ ^ n^2%| 
0,2Ki + 2n3 LUn2/ \2«i 


2?ni 


i { 3- ■— (2ai+3)±2v}J A ( miji'; 


m 


1 \ 


Afe (2a2+3)±2A.}], A (n, ;+|i ) ] 


which is Rathie’s Theorem [6, pp. 45, 46(15)]. 
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1. Introduction 

First R. V. Gharchill (1954)^, Tranter^^ established finite integral transforms 
with Kernel Pfjx) and called them Legendre transforms. Scott® considered a more 
general case by choosing Jacobi polynomial Prj^> {x) for the Kernel. Sneddon^® 
employed the finite Hankel transform for the solution of some initial and boundary 
value problems in the theory of elastic vibrations. Debnath®, R. P. Singh^ have 
studied integral transforms involving Laguerre and Hermite polynomials res- 
pectively. 

Recently, following Tranter^i and Scott®, Lakshrnanrao^ Conte^ and K. N. 
Shrivastava^ have independently introduced a finite transform over the range 
1, 1) with (1 - for its Kernel and called it Gegenbauer transform. 

This transform is defined as follows : 

If F{x) is a continuous function on the interval - 1 < a; I its Gegenbauer 
transform is defined by the relation 

r(n) = T Fix) = (1 - xY-i Cn'' {x) dx, v> - n = 0, 1 , 2, (1) 

where Crf{x) is Gegenbauer polynomial. 

The object of this paper is to introduce Bessel transform and to study its 
properties. 


2. Definition and properties of Bessel transfrom 

Bessel transform of F{x) is denoted by/(n) and is explained by the following 

F(x) 

relation,/]^ (n) has been shown as a transformation of when jfir=0, 1,2, m. 


fin) = r [Fix) ) = e--!^ Fix) dx,0<x^ 2^,' n = 0, 1, 2, (2) 

where F{x) is analytic function within and on the boundary of a unit circle Yn{x) 
being Bessel polynomial of degree n. The Bessel Yn,{x) is solution of the differential 
equation 


where « = 1, 2, 3, 

which is of the form in standard Hypergeometric notation as 
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V /x) - - ■■ N— ' - ’ IX 2 ^ ,/'« 

(n-A)! ^ ' * ® 

Now the seif adjoint differential form of Y„^;r i is 


4 r X® /- •^' 

dx dx 


n in ^ 


1 ^ 


The orthogonal property for Bessel polyiminial as prov* il I>v Krall and 
Frink< is 


‘i7i il 


[{) {n m) 
,d m n !« a m; 


where Sm n == ( - 1)”+’ 2/{2« + 11 

The most fundamental property of Ik- sel tr itisfortns is eontaincd in the 
following theorem. 

3, Theorem: 1. Under trarrsformation TditfVrential form : 

Al'/'Vj] = r’-iF*ixl 4 ,2x 1 2, FUxi 
is reduced to algebraic form 

T[\ (Fix)} ] = nin + 1 ' J ,, : 

Proof: Suppose that \X { Fix) }] denote diffnenlial fo m 

[ V.* /» I jr ^ 1 / 7 \ 


X{‘Ffx)] s«' rft 


nx {F(r)}J = 1 . J Y„(x) X[FuiJ rfr 

Substituting the value of A[F(XiJ in {tij from {7j^ we oblain 




I o'^P' f I x~ f /*■ 

d^c \ dx 




— 2^j- Yw(*> «i.n 4" 1 1 Fu) r/r 

= n(n 4 1 ) V„ f» rfx 


ri(n 4 1 ), 


4. Inverse Transformation : Under appropriate conditions a function F(x) 
may be expanded in a series of Bessel Polynomials 

CO 

(^XJ saa f 

ticaO 
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where 


Cn = (S »>«)■' 2«‘ /c 

= (8 >nn)~^f(n) 

The inversion which gives the function F(x) in the terms of its transform is 
F{x)= 1 i8mny^f(n)Yn{x) 

9^=0 

= r-1 {/(«) } 0 < A? < 2 77 

5. Tiieorem 2. IfF(;tf) be analytic function within and on the boundary of a 

unit circle, and exists then T[\ {F(a:)}] also exists 

and T[\ {F(a;)}] = n(n + l)/(n) (9) 

If X[F(a;)] and Fix) satisfy the condition of theorem 1 then 

{^«}] - m wm }] 

= rrin + lYf{n) 

Similarly T[X^ {Fix)}] = nKn + l)^fin) 

and so on up to m times. If a.^[F(x)] and FU) satisfy the condition of theorem 1 

T[X^ {F^}] = (n + fin) 

where m = 1, 2, 3, . k 

If r[Fi(A;)] and r[F 2 (A;)] both exists, 

then 

T[C, Ffx) f C, Ffx)] - C, T[Ffx)] + B, TiFfx)] 

where Cj and (72 are constants and transformation of T[Fiix)\ and T[F 2 (a;)] are 
linear and satisfy the condition of theorem 1. Assuming further thatF(A:) is even, 
we have 

T[F(_ - a:)] = F( - x) dx 

= /(«) 

6. Examples : 

I. let Fix) be any polynominal of decree m then 

fin) = 0 if w > ;?2 

II. let Fix) = Ynix) 

r{Y^(*)> = 2 Vi //■*" { 8 J {.-5 
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III. let Fix) = x^. 

then 

. f V'n •x"' .V* fix 

r 

( 2')*'+’ A{»>‘ 

tn 4 k 1- r*! 

where khO k{k ~ 1} {k - 2) . . . . ik - n 4- i s 

IV. We have the. relation t W. Al. Sahtnu 

for O' sa 0 we have 

Y„(^. -n! 1^] 

Therefore 7 |« «-i) \| 

= “j Bmn 

V. We have 

(*) = V / « + <«\ / - AT V" 

” mt=o \n-m/ \ ml J 

then 

T{Ln«^) (x) } ^ 

= J (-IF /« -f. „ N 

man (n 4- A 4- 1 )! mj \n <-m / 

7. Transfer of the Derivative of of F(x) : 

Let F'(r) be analytic and function of a: 

Then 

r{F'(r)} « Yn(x) F'(x) fix 

“ "5^/o 4 Yn(*)3 F(x) dx 
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sir/. I 

' AJ A * - 

(on integration by parts) 

.-. T{F\x)) = - 2Un) - «/i («) -/^ (« ^ 1) 

2‘{F’'(*)} = F\x) dx 

on integration tby parts 

rrw) - - J.4, f'"" * 

- Y„c«) F'(«) & - 2^jJ^ -J <■=;• Y,.,M f '(«) * 

- 1 y»w FW * 

+ YfF'W) -2^./^ ^ Y.W F(*) * 

+ 2sLv-“'''^”-«’"W‘''-2s/3 

X Y„., W F(*) dx + Y„W 

X F(x) dx - J^l Y„.i (*) 

Therefore 

TiF^x)) = 3 /, («) + (3 «- 2)/3 («) + 

4/4 (n-l)-2/3 («- \)-h (n-1) 
and so on for higher derivatives. 
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8. In conclusion ; 

I wish to cxpi't'ss my grateful thanks to Dr. K. N. Shrivastav-i for his kind 
help and valuable suggestion during the preparation of tfiis paper. 

Refere nces 

1. Conte, S. D, Qtml J. Maths. iOxfordi 2, 6, 48, 1955. 

2. Gharchill, R. V. operational Mathematic, 

3. Debnath, L. ( )n Lagiierre Tr.insform, Hull, a f ( 'alt ulta Maths.. 52 69 

1960. ' ’ 

4. Krall, H. L. and Frink. A new class ofortiiogoital I’nly, the Bessal nolv 

Trans, of Amr. Maths. Soo , 65, lOn Ift.’r, HM9. 

5. Laxnaan Rao. Gegenhauer Trausfnnn. Thf Mathmiulirs stuilrnl. XXl\{4t) 

Oct., 167-169, 19.54. ^ ’ 

6. Scott, F.J. Qjtnrl. j. Maths. Ox/fnl , 2, 4, ;u, . .}<», 1993. 

7. Shrivastava, K, N. Gegenhauer transform. 1 he Mathmntis student 

XXXIU, April. tSept., \*m. 

8. Salam, W. A. Sal. Bessel Poly. Diiks .Maths, of four, fler., 24' 4|, 19,57, 

9. Singh, R. P. l'hesi,s in Vikram University, Ujjain. 

10. Sneddon. Fourier transform, 

11. Tranter, G. J. Ibid. 1, 1-8, 1950. 


[ 166 3 



i^roc. Nat. Acad. S6c., India, 39(A). II. 1969 


Integrals involving Bessel coefficients of two argument's 

By 

S. L, GUPTA* 

Department of Mathematics, University of Roorkee, Roorkee 
[Received on 7tb July, 1967j 

Abstract 

A few integrals involving Bessel coefficients of two arguments are evaluated. 


1. iBtrodiaction 

(1) ^ ^ , 

The two types of the Bessel coefficients ] [pc^y) and J (a:, y) respectively 

m m 

are defined by 






a- ^ = J aW f^ {x,y), 


m= -CO 




Jr-'- 


(1) 

( 2 ) 


for all finite values of the arguments a, j; and the parameter u provided k J: 0. 

It is found that 

(i) 1 

J (a:, j)= — cos (m0 ~ a; sin 0 -JV sin 2 6) ddy 

^ J 0 

im j) “ f ^ (m 6 - X sin d) dQ, 

^ J 0 

where = 0, ± 1, ± 2, . . . . 

These coefficients are the particular cases of the generalised Bessel coefficients 


(3: 

(4; 


defined in^. 


2. Integrals 

If we take 


^ c= ^ - a; sin ^ -- j sin 2^^ 
then the Fourier’s cosine series expansion gives that 
1 


= 1 + ? J my) cos 

'}Yb 


I - X cos ^ - 2y cos 2 ^ ?»=! 

Integrating this with respect to ^ from 0 to it, we get 

^ - - 1 + { J (-*. »y')} • 


(5: 

(6; 


I 

r J 0 1 - ^ 


cos c^- 2y cos 24 > 


(7 


^Present address : Sbivaji College, University of Dolhi, Karampura, New Delhi-15. 
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On evaluating the left hand side integral in this, we get 


Id 2 S 'i's' ,y * 


ff; 


y 1 ■' v' I - <»/ 


where Oj, arc the roots of the equation 

(,1 4- 2/) - xtf - 4j -■= 0 

such that a^ corresponds to « »= x as j» -* 0 and 

X- -j. 8 y ;h X -d' 111 J *,t d 

In particular, if we put j> - • 0 , w ' get (I, p. l.’tj. 


(fi) 


1 r’' ' 

V J 1 - Jf 


# 


eo 


cos 


1 d' 2 1: / * (tux) 


! 


1 . 


^ m«i ■«* ' ' \ i- jtJ 

Now we make justifiable integration of both the sich s of the rrstdt 

J 0 

with r(;sp(^c.t to 0 from 1 ) to r, we grt 

,(u> . 1 


(yj 


aA:d wcos2(/ . . rt I cos 

e cos (/« sm (/! do „ .. , , . ^ , « t r 

rt-c cos 'if/j^d ^ stndf 


I) 


/ 


, j ^ , 

0 0 ^ J 0 ^ < 

2 


(E'l ■* i ' 1 4 " ^ Mil 

cos ap ^ -( sin i 


2 

’’ Jo 


2c sin- il 4 pi t' j 


4c" sin'^ d- Sind/ (4c («-crd- *-rd' 7«“<) 


«(/ 


2 r’^/d 

«fJo L 2f/'« 


u i 


1 


. d".,„ 


sin’-i 0 d- (.a-r* ' 2 c « sin^ 0 d pi-c/ 

1 1 <1 

(ld-«jya-c j_yta-C;d- 2 c/'> ‘/(a-c 1 2 c ^ 

where 4 ct_ci“C^"f‘ fi*" 4 ' 0 'y/'b*' 4 ' tictii*-!'' ^ 

"a. and « ( 

4 c {a~ci 

On putting c ^ u, we get the known result 1 1 , p. 571 

I 


dd 


llO) 


II. 


dx . jv»r a U, 


j 0 

Similarly, if we consider the result 

•^ax ax cos 'lo i » 

^ cos sm tij dx-^ 


we get 


J kOO 

0 

J 0 


4«‘" .^hf^ i 


I H 0 




( 11 ) 


for iuriher deductions wc may follow 1 1 , 58 {. 
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Nitrogen Transformations in Soil — Effect of nitrogenous 
fertilizer, organic matter and phosphate 

By 

S. P. JAISWAL 

Assistant Sugarcane Chemist, Sugarcane Research Station, Jtdlundur Cantt. 

[Received on 11th May, 1967] 

Nitrogen being the main limiting factor in crop production increasing 
quantities of nitrogenous fertilizers are being used for - stepping up crop yields. 
On the application of artificial iertilizers to the soil a good deal of chemical 
nitrogen is lost through leaching, denitrification and volatilisation. On the basis 
of field experiments conducted on the broad-balk wheat fields at Rothamsted 
Russell (1950) reported loss of fertilizer nitrogen to the extent of 50 per cent- 
Mac Vicar et aL (1951) using tracer technique reported 38-47% recovery of the 
inorganic nitrogen by oats and sudan grass crops. According to Bartholomew and , 
Hiltbold (1952) the present recovery of tagged nitrogen varied from 27 to 57% 
with two rates of its application. Evolving suitable methods for reducing the 
huge loss of nitrogen so as to have maximum benefit from the costly fertilizers 
warrants investigation. 

Harmsen and Vanschreven (1955) and Allison (1955) made exhaustive review 
.of the pertinent literature and emphasized use of straw and sawdust etc. for 
preventing nitrogen losses from soil. Gtiandra and Bollen (1959) on the basis of 
green house studies suggested use of wheat straw and sawdust as a source of organic 
matter for conservation of nitrogen. In India straw being used for cattle feeding, 
a cheap organic matter source— sugarcane trash has been tried which can easily 
be diverted from fuel to the fields. In view of the nitrogen conserving action of the 
phosphates (Growther and Yates, 1941, Russell, 1950 and Dhar, 1961) the effect 
of Tata basic slag — a cheap source of phosphate has also been investigated. 

Materials and Methods 

The collected soil was passed through 100 mesh sieve after drying in air. 
Its chemical composition was determined by the methods described by Piper 
(1950) and A. O. A. G. (1955). Sugarcane trash and Tata basic slag were finely 
ground so as to pass through 10 mesh and 100 mesh sieve respectively. Two 
Kilograms of soil were filled in each of the required number of pots and the treat- 
ments shown in table-2 were set up. Organic material, ammonium sulphate 
and slag were used at the rate of 2000 ppm carbon, 100 ppm nitrogen and 50 ppm 
P2O5 respectively. Throughout the experiment the moisture content was main- 
tained at 50 percent of water holding capacity by adding distilled water daily. 
The mean average temperature during the course of the experiment was 31°G. 
After definite intervals of time soil samples were drawn and analysed. The total 
nitrogen was determined by the Kjeldahl salicylic acid reduction method (John 
Brooks, 1936) to include nitrate nitrogen. Ammoniacal nitrogen was determined 
by the method of Shrikhande (19^3) and nitrate nitrogen by Phenol disulphonic 
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acid method. The pit was determined by gfess electrode in soil : water aaspmsb 
1 • 2 Total bacterial and Azotobacior numlicr were determined by the plate 
diiution technique (Allen, 1957) using Thornton and Martin’s media. 

Results and Piseussion 


TABLR 1 

Cmposiiion of the soit and amendments 


Analysis of Sail 


Loss on ignition 

2-96 

Meehanual analysis 

Nitrogen : — 


Sand 

64-9% 

Ammonium 

0-0012% 

Silt 

14-5% 

Nitrate 

0-0017% 

Clay 

19-9% 

Total 

0-0348% 



Total Carbon 

0-253% 



C/N 

7-2 

tiCl extract analysis 

pH 

7-6 

HCl. ’msoluble 

81-2% 

C. E. 0. 

12-6 mc/l(W gm soil 

R..P.1 

11*05% 

Exch. Ca. 

5-1 me/ 100 gm soil 

FePa 

4-98% 

Available PjOg 

14 ppm 

CaO 

1-42% 

Total bacteria 

8-6 roillions/gm 

MgO 

1-01% 

Azotobacter number 1*0 millions/gin 

K.,0 

1-04% 

Fungus count 

40,000/gm 

Ipj 

0-11% 


Analysis of sugarcane trash and Tata basic slag 


Sugarcane Trask 


Tata basic slag 

Total Carbon 

40-9% 

Total PPs 

7-91% 

Total Nitrogen 

0-21% 

Avail. P3O5 

3-9% 

G/N 

194-7 

CaO 

30-37% 



Kp 

0-98% 


The results recorded in table-2 show that when ammonium sulphate was 
added to the soil, in first fifteen days 55 percent and 61 percent of it were nitrified 
in presence and absence of slag respectively. Afterwards nitrification percentage 
increased to 77 and 82 in 45 days but again dropped to 63 and 72^ by the end of 
75 days- This shows that the nitrification is faster in the beginning and after 
reaching its maximum registers decline. A drop in nitrification observed after 
45 days appears to be due to domination of denitrification over nitrification as 
also revealed by the total nitrogen values. This depression in nitrification relative 
to soil corroborates the findings of Waksman (1927), Allison and Anderson (1951) 
and Ghandra and Bollen (1959) where as the beneficial action of phosphates on 
nitrification is in line with the observations of Jaiswal ^1964). 

By the addition of sugarcane trash nitrification dropped to 35 percent and 
37 percent in 45 days, which however, rose to 53 percent and 62 percent by the 
end of 75 days. This temporary depression in nitrification seems to be due to 
assimilation of nitrate nitrogen by rapidly multiplying micro-organisms on the 
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added "energy source as reflected by the total bacterial numbers, Snbseqnoat 
increase in nitrification was as a resnlt of mineralisation of immobilized nitrogen. 
The increase in total nitrogen values by addition of trash shows that it not only 
conserves added nitrogen but also favours nitrogen fncaliom Tlieie results are 
in agreement with those of Chandra and ^Bollen (1959) who recorded nitrogen 
fixation even in presence of nitrogenous fertilizer under laboratory conditions with 
the addition of straw and saw dust. 

An increase in total nitrogen values with the addition of trash may be due 
to suppression of denitrification and fixation of atmoipheric nitrogen Iw biological 
and physico-chemical agencies, the oxidation of organic matter proviciiiig energy 
for the endothermic process (Me Garity H dp 1958^ Chandra if dp 1957 and Dhar, 
1961). Bremmer and Shaw (1958) while studying the elfect of energy material 
on reduction of nitrates observed that the maximum loss occurred with glucose 
and nitrate at G : N ratio of 5 : 1, with straw and nitrate ill a O : N ratio of 30 : 1 
and with wider rations the loss of nitrogen decreased due to nitrogen fixation. 
Addition of trash with very wide G : N ratio and with the resulting widening of 
G : N ratio of the mixture might liave been helpful in nitrogen fixation. 

It is very fascinating to record that in presence of basic stag^ both the nitro* 
gen fixation and mineralisation were enhanced. Increased nitrogen fixation 
in presence of phosphates is in agreement with the findings of Bhar if d. (1961), 
In all nitrogenous iransfoimations nitrite ions are formed from the oxidation 
of ammonia and its salts as well as by the reduction ol nitrates, Dhar pointed out 
40 years ago that the unstable and explosive substance ammonium nitrite is always 
formed when organic or inorganic nitrogenous compounds are applied in crop 
production. Ammonium nitrite breaks with large evolution of heat into nitrogen 
gas and water as in the equation : 


NH^ NO^ « + 2HP + 718 K Cal 

In 1920 Dhar reported that this reaction is catalysed by acids. Basic slag 
being alkaline in nature reduces the decomposition of ammonium nitrite by 
decreasing acidity and supplying calcium, magnesium and pi>tassium ions to form 
calcium, magnesium and potassium nitrites which are more stable thiin ammonium 
nitrite and thus increase the concentration of available nitrogen. Dhar has 
proved that the low recovery of nitrogen in crop yield is caused by the formation 
and decomposition of the unstable substance ammonium nitrite. 

These results show that organic materials of wide G : N ratio like trash 
especially with slags could profitably be used for conservation of seal and fertilizer 
nitrogen and thus could add to efficiency of these costly fertilizers. 


Summary 

The effect of sugarcane trash, ammonium sulphate and tata basic slag on 
nitrogen transformations in soil were studied. Sugarcane trasti added with 
ammonium sulphate not only conserved fertilizer nitrogen but was also helpful 
m nitrogen fixation. Temporary exhaustion of available nitrogen by rapidly 
muKiplying microbes showed that in field practice these energy material with 
such wide G : N ratio should be applied several weeks before the expected 
m rogen rieed of the plants. Tata basic slag also helped in conservation and 
mineralization of nitrogen. Thus organic materials like sugarcane trash and 

for increasing humus reserves of the soil thus 
nitrogen conditions for plant growth but also for conserving fertilizer 
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Non Radial Hydromagnetic Oscillatlont of an 
incompressible cylinder 

Bj> 

K. M. SRIVASTAVA end R. S. KtlSItWAIlA 
Department of Matfumaticu Unimreitj »/ fmthpnrt Mhpm 

{Recciwi ofi 7th J tine, l%7} 

Abstract 

The present paper deals with the small .>«eillatlmw «f an iimompressiblr 
homogeneous cylinder of an mfinjtc length .Hiid zero re^istivltv under ^ts^otn 
gravitation in presence of a magnetic held having Imth toroidal luid 
components which arc functions off only. The dilfcrentia! eonaium for ^ 
been solved by the methcKl of series solution. The cases of and m fl a« 
to be disregarded as these give radial displacement on the axis. The e.ase A «• o ha* 

1. introduetjon 

The interest in the stablity of cylindrical systems and in the eomn(it»rirt„ 
of proper frequencies of oscillations has been revived in recent 

ftt physical oroblcms : the stability of sp rl” arTs Jf gaSiL S 
the stability of the so called pinch configurations. gnwxies and 

sntsll pulsations of a hornogeneouj cylinder in nresenep of 

oomidcr.d b®v Chan£3j .K™? 

and by Lyttkens , m the particular case of radial oscillations of a erimop»B*!ki’ 
perfect gas. Bhatnagar and Nagpaul ' considered the pro idem "o ^ndrdic Se« 
of finite conductivity The problern was reconsidered by SimoS Sh I ntdSZ 
magnetic field parallel to the axis of the cylinder throughout the smcc Ma 
proved that the vacuum magnetic field has a stabilising cilfrct over thaVof inside 
ma^etic field. We have studied the same problem witifrvari .blc ma^^^^^ 

ad 3 o 3 pr“ 3 ' 3 nt 3 Sr""'‘‘f ' ™‘y' Tl* i* to 
zero muUMy under its own gravitmioSul fi„ld have Iwm , 3 d "r?,. 

rn'SiS™3^Se,Me1S^^ 




andi?. 


r 

{Dtz)e “ H(j(l - a), 
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Where subscript e refers to the exterior of the Cylinder, ifere the axial field is 
square of the field taken previously®. The toroidal components as mentioned in 
equation (1) and (3) are additional features of the problem. ; ] 


2. Equilibrium 

Consider a material cylinder, homogeneous and incompressible of radius R, 
and infinite length, in equilibrium under its own gravitation. The cylinder is 
surrounded by an infinite vacuum. From the hydrostatic equation of equilibrium 
we have 

(5) S ^ ] = 0. 

The equilibrum magnetic field is given by 

(6) Hi = {Q, , H^), 

and 

(7) = fO, (H,),], 

with the components as given in equations (1) to (4). 

From the equations of Laplace and Poisson we have 


(8) Ve = 2-n G pRno^^ + , 

(9) Fi = 7rGPr®, 

Also integration of equation (5) gives 


( 10 ) GpR^ 


('-a- 






-2K^R^ 


Sir 


+ 


(1 - ar 

Sir ' 


p ^ ___ — are continuous on the boundary of the cylinder. 


3. The equations of motion 

We consider the small oscillations so that we neglect the second and higher 
order quantities. 

Let I denotes the Eulerian displacement with respect to the previous 
equilibrium. We have the following equations governing the material motion. 


(11) 


div = 0 , 


(12) p = - grad p - P grad A Fj [(curl Hi) x A 

+ (curl A -^i) X Hi] , 

(13) A Hi = curl (1 X Hi) , 

(14) V® A Fi = 0, 
where A denotes Eulerian variation. 
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; ' i ’ llie corresponding equations in the vacwuhi arfe 

(15) 

(16) curl = 0, div //« 0. 

These admit solutions of the only type 


(17) 



£), where C* iuid D nrr constiinis. 


Equations (17) in the ahsence of surface currents give 

(18) C « KR^, D ». Hc{\ - «). 

The assumed form of the vacuum magnetic field agrees with the solution of 
equations (16). 

Also the perturbation in the magnetic field in the varuum, neglecting the 
displacement currents is govt;rned by 

(19) div A7/» »= 0, curl 0, 


and the electric field in the vacuum is given by 

(20) curl le = - i I (AW#). 


4. The differential equation 

Consider first, the quations valid inside the cylinder. 


(21) 

1 

1 

grad f 4- (cur! «i)x A fh + (c«rl A m)'X.m ], 

where 



(22) 

f =, M 

*■ p 

+ A Vi. 


Equatwn (11), (13), (14) and (21) completely determine all the physical 

A I'^wlvcd in the oscillations of the cylinder. Equations (15) 
fiewl ^ the oscillations of the vacuum gravitational and magnetic 


varivJ'la normal modes of oscillations in which each physical quantity 

vanes in the Eulenan mode of pertu bations as 


(23) 


f(r, <l>, r, t) «/(r) exp. f i t\r i 4. „ ^ 


frequency of oscillations. the arimutlm! number, a 
P g ive integer and k a real constant which denotes the w.vvi- number. 


From equations (11), (13) and (21), we have 

77s“ t*|s + TThf* im + A'H. ikr 4;^ 4 


ir 


1 3 

’ 4 ^/) 3,. 
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(24) 



+ k- imr 

4- 


KH^ 


{ 


(25) 


(26) 


(27) 
with 

(28) 
Case I : 


r ^ ^ 47rp 


47rg 
^ 2 




2mk + 2ik +. i/b J 

<5 8 “1 

._J, 

2*2 


|j 

45rP 

^Kk_ JL Lf 

4irp dr I 




t f~\ 

. ^*--r S'J -., 

1 2 tj ^ Vm^ ^ , , „ 1 

^-p + \, 

^ ik ^ ^ •/ A 

^ 4!rp ^r ~ 

K^ 

"iTp 

(»■ lr)'+ im + ikr = 0, 


9 *0 *0 •« 

A; =1=: 0 


] 


-, 

Eliminating ^ from equations (24-25) with the help of equation (26) and 

solving for and f in terms of (r^^) we find 


(29) 

(30) 


Pikr (r ^^)' + 2{k 

KH^mk . 

^ 47rp ■ + ^ ^ 1 ('•fr 

(m2 H 

(- k^t^) P ' 


^ (m2 + *2 ;.2yp 1^ '■(»■ ^r)' o-'^ P + r ■-P(m2+*2;.2 


242. a 




KH^mk 


4xp 


P= D- 


2j^KH, 

47rp 


P 

^2 


_.^/ Br2\2 

47rp ; ’ 


+ p2m2^| 


(31) 
and 

(32) 2) = a2-w2 (72, C2= — . 

4irf» 

In all the equations dashes denote differentiation with respect to r. 

Equation (24) now with the help of equations (26) and (30) reduces to 


(33) 


r 177 1 



Substituting for ^ from f29), we at once write down the required differcndal 
inn nf jT.'i With T^ular singularity at tiir ;ixii of ti»c the cylinder 


equation of (r ^r) 
r = 0 as 


(34) 


in'’'-' '''af) + 


r‘-*(r [?“(»»'•* 4" d“ '' tr 

+ + r P j + i/ iV -} A‘V 

1 4 + 0 ^ )( - /> 4 4 t;w) .w 


(36) 


4.Air‘ W y- /> 


(.r 4 y; “ a ; ^ « ji^i : a 


*"= WXi^' 


> 


4 Aif^;ra4 /*. 

Ji 

On substituting for P' from (31 dividing liy />Mhroug}unil (/f 0) and 

making the following substitutions . 

(35) 

(F 
D ’ 

the differential equation (34) comes out to be of die f 4 »rni 

(37) + .■!,< 4 A.,F 4 4 .l,t* 4 .l/j 


+ 4t 


dP 

du 

it 


^ B,i 4 4 . /i,i^ i -4 


+ 4 C’|l + Q/^ + -f“ 4" 1 

with definite expressions for -<4|j , . . ^ B| , * * # and L\ , . . . . 

5. The Solution 

The solution of tiic differential equation d$7j, avtitding llie singularity is 
written as 


CO 

(38) « « 2 an 

n* 0 ' 

which confirms that m » 0 and m «» 1 should he disregaidi d. 

Substituting the series (38) in (37) we get a seven term 1 . tun retie.e relation 
between the coefficients of the series 

(39) a» I 4m='{/lo( (n+ mi (« ^ ^ 1,= 4 l« 4 «*,; } m‘ d,,! 4 

+ <^n-i [ 4 { dj (n 4- « - 1) (n 4 m 2) 4. li^{n + » 11)4. C',] 4- 

4- «n-:! I 4 { d„ (« + m „ 2) (« j m 3 ) 4 ,( ». 2 t } 4- C 3 ] 4- 

4- «n-3 C 4 { /lit (n 4 " m ■ 3) (rt 1 m 4 -j -( m 3) } 4 f'ltl 4" 

4- On-i [ 4 {A^ (n 4- m - 4) (« 4 . m 5 ) 4 /^^i „ 4 . m 4 } 4 - QJ ■+ 

+ ^n ~5 L 4 { ud, (n 4 - m - 5) (n 4 - m - 6 ) 4 Bg(n 4 | 5j } 4 - Cg] + 

4" njj.g Cg = 0 
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(40) 

(41) 


Arranging in descending power of n and dividing by n~ an~g and letting. 

li . and taking the limit as n-> co, we have 

= (m^ Aop^ T + -^3^" "I" -^ip "b -^a) 

Now /(0),/(l) and (- 1) are 

/(O) = ^5 = ** X- , 
f(\) = £>2(^2 + X-), for a = 1, 

/( - 1 ) = (a ;2 - m‘-’) (1 + 16 b" c" m -+ 16 frt-f-32 cm- ?> b"^ -'8 bcm) for a = 1, 

If* < m, we see that the, roots lie between zero and - 1 for a = 1. 

6. The boundary conditions 

The following should be^continuous on the boundary of the cylinder at 
r == i) grade F, ii) H . 'n, 7 and iv) the normal component of the total 

stress tensor (material 4- electromagnetic), 

& denotes the total magnetic field during the oscillations, j being the current 
and iT the unit normal to the boundary outwards. 

These conditions on Sq (the boundary at equilibrium) eit r = R, reduce to 

(42) grade /a Ve - grade A = AttG 

(43) AFi=AFe 

(44) Bp 4“ iTT iz KHz iz “h KHz ikv -b itriT 

= H?-’ + s 7 ■ I 

where B and A i*®sp actively denote Lagrangian and Eulerian perturbations. 

The solution of equations (19) gives the perturbation in the vacuum magnetic 
field as 

(45) [A KfYi^ ^ K^(kr)^ ik Kfyi{k^) J , 

where Aq is a constant of integration. 

The continuty of the magnetic field at the surface of the cylinder determinee 
the value of the constant Aq 

(46) , 4. = [>» if + (1 - «)]• 

The perturbation in the gravitational potential Vi, is given by [c/. (6) pp.-5l7 

(47) A Vi = - 47rGp Km (*) Im (kr). 

The boundary condition (44) with the help of equations (22), (45), (46) anc 
(10) &tr = Ron simplification reduces to the form 

( 43 ) 2t ^ (^ ~ 
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B [1 - 2 ban (1 - « i - A® (1 ~ a? 4 * {ban >| wi'V'f 2 | 

+ (m® + x^) {/(m 4 i ! «)® - i / i4«*Ar,» ^ ) } ] s- 0 . 


7. The Case H A = 0 

Equations (24-27) reduce to 

(50) ,r% . , M + ! J 

^ 3r ^ 4»p ®r 


rA7/3 iwr 




+ 44, («“lr + 2 f« 4 I . |-| %• 


(51) 

,r. f, = “i - 

^ r 4>rjB 

. , im 

m^r‘- - 

4«(> 

(52) 

11 

t-t 

s« 

A"® . , 

= 4 orp"‘ 


(53) 

(»• ^r) 

' + im 4 

0. 


Equations (52), (53) and (51 i immediately give 

(54) = 0 , where o-s „ «a CT^ ^ 

(55) 4 » (r 4^)' , 


(56) C = ^ ^rY + >- 2 C® - 2^^ I j"-) \ 

The differential equation for 

u = r if (f® - m® C*-??-. 0 , is 

™g»lI“^i-Uwri^df”°“ "I"*'™" ‘"d i» •olxlH® »oWing 

(58) a 

The solutions of 4 and ( are from (55) and (56) 

(59) 4 ® r^"’, 


f « -4 


[5+M 


C®~5®f 1 
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( 61 ) 


A Fi = £ r”» , 

A Fe = £■ rw-2 , 

where E is a constant. 

The corresponding boundary condition when k = 0, at the surface of the 
cylinder r — R determines the frequency of oscillation. Equation (44) reduces to 

B[ (A 

Also in this case 
(^3) = rnk , (A^e)^? = 0. 

Thus equation (62) gives the frequency of oscillation as 

(64) ^ 

This is always positive for m > 0 and depends upon the toroidal component 
of magnetic field. It is independent of poloidal component as should be the case. 
Thus in this case the oscillations are always stable and toroidal component 
increases the frequency of osillation. 

8. Tlie Electric field 

The electric field inside is given by a well-known formula 

(65) = 

The Maxwell’s equations for the vacuum are 

( 66 ) div ^ 0 and curl Eq== ~ ~ 

The solution of equations (66) as obtained in paper^ is 

(67) (Ee), A ikr) , 

( 68 ) (Ee)<^> = AKrr, ikr) + ~ {kr\ 

and 

(69) (Ee)r = ~ iA {kr) - A^ K^{kr), 

A and Aq are constants to be determined from continuity conditions. 

The continuty of <j> and z components of at the surface r = R determines 
the two constants A and Aq 


q — L d ^ 


f 


r iBi } 



(70J 



iind --lo ■-= * 


W m u K 

L •« 


t< //(j ( i -a j 

R 


r--R. 


The corresponding electric field when A =» 0 is (.is AS,, ^ 0 when 4 - 0) 
(71) ie = /I, grad j r "‘ exp [fttr t -j- m 

where, because of the continuity of the ^-component 


(72) 


-•ti 


i K (ttri 
4 Jr 


,119 R 


R»* 


% 


where (ii)^ means the value nf a r at r fi * 

9 . Con elusions 

The coefficients of the deffereutial ecniation (37) depend upon /i, r, m and;v^. 
In obtaining numerical solution the ratio r/l IS taken to lie unity and thc^n 
each fixed b and m we get a diHerent series for every Jr, We !ia%*e obtained 
solutions for 0*1, 0*2^ 0*4 and 0*5 in eveiy case. It iti seen that the. 

series are rapidly convergent. The parameter i/ oernrrinii iti the magnetic field 
(2) is chosen to bt^ unity. ^ 

We have also considered the case when a is so imall that its second and 
higher powers are neglected. Seven term r? currerice relation reduces to that of 
three term relation. For numerical work it is cho-nen to be OCH* Series are 
obtained for certain x- viz. d‘l, 0*25, 0*36 etc* 

In each case the value of / = ^ has hern evalualrd tfom the boundary 

conditions (48). Th<i displacement function (rir) also been calculated!. These 
calculations arc made for m =» 2 and are given in tables (1 4 '. 

TABLE I 

The (*=®, a, ./) relatimfor P = 0’0{)5 end a = 1 




u 

j -1 »■{,/> 

' D 

0-01 


o¥96f37 

3-()2'2:n3 

0-04 


1-000979 

2-994833 

0-09 


1-009095 

■.M'Oimp 

0*16 


1-020491 

’2*ft92;*4i$ 

0-25 


1-057055 



The corresponding series for x- O-Ol is « t 0*00521584/'J 4 ()-fK)I39074’ - 
0-t)00043953A + 0.00005383«'‘- 

for X- = 0*04, 

a = t - 0-000348543^- 4- 0-001 357644'’ - {)-()0n034528A 4 ()-0(t(KK)49 Mti/ - 

for = 0-09, ’ 

a = t 4 - 0-007762787/’- 4 - 0-0013326/'’ O-OOi 4)0 1245/* 4 t)-()()a(K)S3H()/'- 

for x- «= 0-16, 

a = / 4- 0-01911865/- 4- 0*00 136744/'’ -1 ()•( (4)0016889/* 4 0-tHK)i)0334H:!/’- - 

and for «■* = 0-25, 

/< = / 4- 0-05563445/- 4 - 0-00130756/-'’ 4 - O-OdOl 1496/’ - 0 * 0 ()t)(K) 2317 /*+ . 
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irABLE II 


o 

X- 

U 

j 47rGp 

J ~ D 

0-01 

0-992693 

3-057925 

0-04 

0-995153 

3-025327 

0-09 

1-002960 

2-979863 

0-16 

1-013953 

2-919103 

0 25 

1-028194 

2-845083 


^v^iAv^o ivjA A. =-uui lSM = t-- U*l)l ()l i4o/- -4- — 

0-000l797i^ + 0-00002683i« - 0-00000259216 + ......., uu^ya:!! 

for = 0’04, 

for”J + 0-00501i3 - 0-000171224i[4 + 0-000024li- 0-00000223<6 + . , 

M = # + 0-00011228/2 + 0-0029797/3 -0-00015666/^ + 0*0000025497/® - 

for — 0-16, , ^ 

M = ^ -f- 0’01ill58/^ + 0*0029306^^ - 0*000 11 637f^ 0*00025134^^ 

and for x- = 0*25, * ’ * 

^ ^ "^OiioOOOSOsS/® + 0-000028053/6 - 

TABLE III 

rAg [x-, u,J) relation for b~ = 0-02, m — 2 


4rGp 

___ 


O-Ol 

0-978162 

3-112320 

0-04 

0-983082 

3*086155 

0-09 

0-990312 

3-037957 

0-16 

1-000401 

2-971358 

0-25 

1-013503 

2-891444 


The corresponding series for x- = 0*01 is u 
0-0018672/'^ -f 0-00080329/® - 0-00032038/6 + . . 
for X- = 0*04; 


/ - 0-0279934/2 + 0-00753929/3- 


K = / - 0-0238288/2 + 0*00775987/3 - O-00102075/i + 0*000210308/® - 

0-00003863/6 + , 

for x^ = 0*09, 

u == ^ “Q 'QQQ^^ 23 f 0-0076631/3 - 0-00098207/i + 0-00024139/®- 

for *2 = 0-16, ^ ’ 

u — /- 0-00642634/2 + 0*00758396/3 - 0-0009298/* -P 0*00020106/®- 

0-0000278211/6 -1- 

for X- — 0-25, 

u = t - 0-0066255/2 -f. 0-0075750/3 - 0*000864165/* -f 0-000210508/® - 
0-00004386/6 -{- 
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I able IV 

The u, I ) Telaiioft/or a 0*0! atwl ^ O'l 


j? 

0- 25 

1 - 0 


/ 


0935405 

0«76450H 


1*917778 

1*153710 


rnrreoDondinff series hr *> 0‘25 and « 1 5‘re 

u = i - 0*06583331“ +■ 0*(HH2704<'* - 0*000026*>H'»7<* 0*tK«KKW«aiJ* -f . . 

a i-0*255833i“ + 0*02046776<*'' ™t) 0o00234fi5#‘ - iHK}01032/ - + 

TABLE V 

The (x^ «, /i relatiPH fir h* 0 02.5 <t «* 0*01 


0*16 

0*25 


H 

1*021693 
1 *034831 


i 

2*082035 

2-5930IH 


The corresponding series are u t + 0*024370071“ + 0*0(»03‘i£“ + 

0 ^ o*OOQ7?92l“ 4- 0*0000 106151' + 0 001M»0009433l" + . . . . 

table VI 

Far « 0*036, a - 0 01 


0*25 

0*36 


1*029465 

1*043195 


2 **jy 9900 

Timm 


The corresponding scries are « = 1 -f 0*288832<‘‘ -1 0*000a7‘i95l* + 
0*0000647541' + 0*000000034771*' 4- ....... . 

a == 1 + 0*04184941“ 4 0*0013215171*' + 0*0000236«>(' 4 0 00{8HM)27159#'’ f- 
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Abstract 

Kinetics of the oxidation of reducing sugars has been described with vana- 
dium (V) in acidic media. It has been observed that the xeaction is first order 
both with respect to vanadium (V) and reducing sugars Logarithms of first 
order constant linearly depend on the concentrations of acids. Energy of activa- 
tion of D-glucose and D-xylose are 22'95 and 16*79 K. Gals, respectively. 
Further, positive salt effect has also been observed on the rate of reaction. 

Introduction 

Littler and Waters have recently studied the mechanism of the oxidation of 
pinacoF by vanadium (V) where they .reported the reaction to be first order both 
with respect to vanadium (V) and pinacol. In course of their kinetic study they 
have reported small linear salt effect and complex dependence of acids. During 
the kinetic study of the oxidation of cyclohexan-one and cycloheptanone^ by 
sulphuric and perchloric acids they have reported that the reaction is first order 
both with respect to vanadium (V) and organic substrate. In these cases they 
have reported large positive salt effect and dependence of acid with complex 
nature. In the oxidation of cyclohexariol and 1-deutrocyclohexanol with 
vanadium (V) in sulphuric acid medium they have concluded the reaction to be 
first order both with respect to vanadium (V) and alcohols. They have mentioned 
that the oxidation of alcohols proceeds through complex states followed by a 
kinetic isotopic effect. The rate determining step involves C-H (or G-D) bond 
fission. 

During the study of kinetics of the oxidation of tartaric acid by vanadium 
(V) in acidic medium Bakore and Bhargava^ have reported that the reaction is 
first order with i;espect to vanadium (V) and tartaric acid and at low acid concen- 
tration the rate is independent to H+ concentration but is directly proportional 
to H+ concentration at higher acidity. 

The object of our work is to find out whether /3-D anomer is more active 
than a-D anomer as reported by Tngles and IsraeP who have observed that ^-D 
anomer is oxidised approximately 28 times faster than «-D anomer (pH about 9*2) 
by hypo=iodide ion and aquous bromine. However the rate of mutarotatiun of 
free sugars is greatly enhanced in alkaline medium and beyond the pH range of 
1T8 becomes much faster than oxidation, the result being that both forms are 
oxidized at the identical rate®. 

Further Bobtelsky and Glasner^ have reported that the oxidising power of 
the cations oi vanadium (V) increases as the acidity of the medium increases, in a 
manner indicating the existence of an equilibrium 
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VOt + HjO == V(OH*+ 

This has also been supported by Waters and his co- workers (loc. cit.). Thus 
our object is to investigate these facts. 

Present work deals with the kinetics of the oxidation of D- glucose and 
D-xylc®e with vanadium (V) in the prtjsencc of acids. 

Experimental 

Chemicals Employed : D-glucosc (Bacto Difeo grade sam|)Ie) D-xylose (B. D. H. 
grade sample), sulphuric and hydrochoric aci«l tAiialar B. D. H. grade sample) 
perchoric acid (A. R. Rediel grade sample), ferrous ammonium sulphate (Analat 
B, D. H. grade sample) potassium chloride < Analar B. 1>. il. grade sample), 
N-phcnyl anthranilic acid fB. D. H. grade sample * and ceric sulphate ( technical 
B. D. H. grade sample). Ceric sulphate (in BN solution was standardised 

against a standard solution of ferrous ammonium sulphate tising N phenyl 
anthranilic acid as an indicator. Sugar solutions were daily prepared by weighing 
exact quantity. 

Kinetic measurements 

Solutions of sodium vanadate and acid were kept for attaining constant 
temperature in the electrically regulated thermostat (:iJl‘PC). In a separate 
glass stoppered bottle a standard solutirur of reducing sugar was also kept for 
attaining constant temperature. The aliquots withdrawn at different intervals 
of time were quenched with an excess of a standard solution of ferrous ammonium 
sulphate. Unused ferrous was titrated against a standard stdution of ceric 
sulphate using N-phenyl anthranilic acid as indicator. 

Stoichiometry o£ reaction 

The mixtures in different ratio of concentrations such that overall concentra- 
tion of sodium vanadate was twenty times more titan the overall concentrations 
of reducing sugars were prepared and kept for a number of days. The excess of 
unreacted vanadium (V)was then volumetricnlly estimated on different days. 
The maximum values of equivalence were 12 and 10 in case of D glucose and 
D-xylose respectively 12 Equivalence may be explained by the following equation 

CgH,A + 12V+« -p 6HaO -> 6HGOOH -}■ 12H+ + 12V ' ^ 
whereas 10 equivalence obtained in case of D- xylose may be explained as 
GjHjoOb = 10V+' 4- SHaO 5HGOOH + 10H+ + lOV" 

The stoichiometric results show that the main product of the reaction is 
formic acid. 

Results and Discussions 

Determination of the order of the reaction with respect to vanadium (V) t Inardvc 
to find out the order of reaction with respect to vanadiutn (V). the eot.centrations 
of reducing sugars and the acid were taken in large excess as shown table 2. It 
has been observed that fi>r typical rurvs plots of log la— x) and time arc straight 
lines showing that order of the reaction is first %¥ith respret to vaniidinm (v) 
(fig. 1). The slight deviation from the straight line in the latter part of the 
reaction may be due to further oxidation of the reaction product. Although the 
rate at: which vanadium (V), disappears follows first order rate law for individual 
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runs, the values of the rate constants increase with the increase in the concentra- 
tion of vanadium (V) in the range from 0*00167 to 0*04 M (table 1 A and B for 
D-“glucose and D-xylose respectively). Similar results are also obtained at 
constant ionic strength (table IG.) The reason for this increase is not clear at 
present. 

TABLE lA 

Effect of vanadium (Fj variation on the rate of oxidation of D -glucose. 

D-glucose = 0*25 M. H 2 SO 4 = 6 N Temperature 40°G 

NaV03(M) 0*04 0-02 0*01 0*008 0*006 0*005 0*0025 0*002 0*00167 
AiXlO^min-i 4-16 3*38 3*34 3*18 3*04 3*07 3*08 3*32 3*45 



Time 

Fig. 1. Variation of log (a-x) and T for Vanadium (V),, concentration of Vanadium (V) taken 
arc written on the curve. 

D-glucose = 0*25 M, H 2 S 04 “ 6 N, Temprature = 40^G. 
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1 cm=0*5 

Fig, 4 , Variation of h with total activity of Sulphuric acid at 5 • 

® D-xylo 5 e =-25 M, NaVO3=0-01 M 



V S Plot of H+ ion coaceatrationjagainst log * for reducing Sugars. 

®HaSO4at40°G. 

D D-xylosc and H2SO4 at 25 Q 



TABI.K !» 


Effect of variation of vamdimn (F ! »« thr rate aj n%idmti<m of /I 
D-xylo8c = 0‘I M. - -■ 6N Temp^’rAtiirc 40’''*G 

NaVOs(M) 0-04 0-02 0-01 0-0J15 (mm OI)025 «*00I66 

i, XlOSmm-’ 13*4 J3-0 8-fii «-2l ***iO 9'2« !0'4 

TAPIB 1C 

Effect of variation of sodium vanadate on the rate ;/ os»da!ion of 1) ■■■illume 
httie strength is kept (Onstani Py Polatsimt rhhtide 


D-glucose S2 C 
NaVOsCM) 

A, X 10^ min"^ 


m strength is i 
0-25 M. 

•04 

4>iri 


M^SO, 'i-!.- 'rrm|icr«tiin! 40®G 

■02 -Ol -0535 

3*fiB 3’20 J'O? 


of ,lr,r„„i„r,heortk, 

p-iylOTC were vaiieiiWom O-S lo Mr"! t'*i “j* 

educing sugar m 2. 



cha„gf:F{;5^g/it"™s" rs 

hydrochloric and perchinric acids in ca«- . f' 1) rinrw ' 'l "1.”'" \ B fci 

sulphuric acid incase of D«xvl<wp if .hu 'in. i i tt.ui c 4A, H, G) and 

also been studied bv k( rnimf Lnir ^ t sJi’Hvn. Rcurnon rate has 

perchloric acid (tabk 4) As .• 

first order constantsare ?”*'!• * the mean 

tions. However the oxidation is nut SO tunfiOoii II„ and H ,(> * concentra- 

increascsathirhrcSTr 

and Longs. To^elucidatj! this olrr-c, , r , "Kurrsof Paul 

cd against various aeiflii:<.«. c ’ ’^*’"*’8 arids ihensulanon r.ur has been plott- 
divfffSto too pord^Ta k kae been 

ing the measured rate to° hT)+ ^(V“‘ 1^"“ '^*‘****^ by extrapolat- 

k = ko+k, whim toil Ltivitv nr Lo P portion such that 

the curve appears to be strai/hl line L H ‘ * “*.1‘^'’***^‘* ah'‘»»«» fifsl order constants 
is most im^rtant ffk 41 ^,rB*"ri where acid drjimdcnt reaction 

of Stokes®. PlToflofk ;Ji^ from figures, 

that K is exponentially propwtional U, aciyci,i,?iS£i. 

table 2A 

ma of variation of D-^glucose on the reaction rate 
a Oi 6N. NaVOg sr 0*01 M. Tempcraiiire 40'’G 

PtTo'miS ?'i 0*125 

aJxIOS 3*34 1*58 

Etglucose 13*5 !3»4 t2*7 
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H,SO. 


tABLE 2fi 

Effect of variation of D-xylose on the reaction rate 
NaVOo = O'Ol M. TemDe 


_ DiN NaVOs = 0-01 M. Temperature 40°C! 

D-xylose (M) 0-25 0-2 O’l 0-05 0-033 0-025 

A: X 10^^ min 3-0 1.84 -986 '66 -471 -405 

xylose 9’2 9-86 13-2 14-13 16-2 

table 3 a 

Effect of Sulphuric acid on the reaction rate of D- glucose 
D-glucose = 0-25 M. NaVOa = O'Ol M. Temperature 40°C 

HaSO^N) 3 4 5 6 7 8 9 10 11 12 

] X 10“ min- 0-96 1-48 1-83 3-34 4-96 7-37 11-55 17-85 25-61 36-65 

TABLE 3B 

Effect of Perchloric acid variation on the reaction rate of D-glucose 


D-glucose = 0-25 M. 
Perchloric acid (N) 3- 5 
X 103 min"’ -493 
Ho -1-47 


NaVO, = 0-01 M. 


Temperature 25°C 


4-5 

5- 

5-5 

6 

6*5 

1-06 

1-59 

2-48 

4-03 

7-09 

-1-97 

table 3C 

-2-23 

-2-52 

-2*84 

-3-22 


Effect of Perchloric acid uariation on the reaction rate of D-glucose 


D-glucose = 0-25 M 
HG1(N) 5 

Aj X 10-3 min-i 1-32 

H„ -1 -IR 


NaVOs = 0-01 M. 


Temperature 25°G 


5 

5-5 6 

6-5 

7 

7-5 

8 

min-^ 1-32 

2-34 4-12 

9-30 

18-91 

38-5 

71-45 

-176 

-1-93 -2-12 

-2-34 

-2-56 

-2-78 

-3-00 


table 3D 





Effect oj Sulphuric acid variation on reaction rate of D-xylase 



D-xyloi. = 0-25 M. NaVO, _ 0-01 M. Temperature 25”C 
HeSO.(N) 3 4 5 6 7 8 9 10 11 

i, X 10» min-‘ 1-36 1-89 2-82 4-21 6-36 9'93 16'5 28-5 43-9 

^0 -0-84 -1-12 -1-38 -1-62 -1-85 -2-06 -2*28 -2-51 

«+ 0-4266 0-68 1-0405 1-5402 2-2181 3-088 4-203 5-59 9-24 

table 4 

Effect .of variation of 4 Perchloric acid. Ionic strength kept constant by sodium 

perchlorate = 4-51 

D-glucose = 0-25 M . NaVOs = 0-01 M. Temperature 40°C 

HGlO^fN) 4-5 4-0 3-5 

X 10-'5min 7-57 5-24 s-o,. 


HsSOi(N) 3 4 

k^ X 10'^ min-i T36 1-89 

Ho -0-56 -0-84 

«-+: 0-4266 0-68 


Temperature 40°C 
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tA8I.K S 

(A) 

qffmpmfm *>« 1^0 reaetim rai« 


Glucose « 0-25 M. 

mVi.h ^ >■’ 

lij.'iG, m 

Temperature ®C 

35 40 45 

m 

1 .5-1 

fci X lO-'* min-^ 

2*76 4’90 8*ti9 

ilL 

H^SO, « 6 N 

l> xylose 0-2;» M. 

N’aVG., « 0-m 1 

Temperature 

2S ;«1 :i.’i 

49 

k X 10* min-* 

4 -2! 74*0 1.18 

:mw) 


£gicn>fUmpeta(uTeonlkirmli>^nrm\ 'tht- irar.s.oi* rati; has hci'ri studied at 
four different temperatures. Log kj has hecti |dotirf} «gAiusJ.|;. where T is in 

Kalvin which is a slraighHine. Values of mwgf of frtm 

the slope in the case of D’glue<»*e and U«styh»se are uutl lf>'/y K. Gals, 

rcspecuvely (Table 5). 

As the reaction is first order both with rrspert to vaiiacliiim fV) and Ae 
reducing sugars, also approximately independent «»i hydutgrsi ion in lower concen- 
trations of the acids, the following rate determining step has brrn jmatulated: 
VO 2 + reducing sug.ar k ¥*♦■ + other reaction products. Now .at higher concen- 
trations of the acids the reaction rate increases with tin- Concentration of hydrogen 
ion. It appears that the reacting species of the vanadium is V(OH i» ns j^stulat- 
ed by Bobtehky and Glasner supported by Waters |loe. cil.h Lbus under sudi 
conditions the following rate determining step is probable , 

V(OH)|+ + reducing sugar k V**' other resu tiou products. 

From this study it also appears that the rale of oxidation of both the anomen 
a and 0 are approximately equal under the coiulition-* of ,u:id concentration!. 
Work is in progress and dc tailed study of the reaction products and other things 
will be published in the next series of this publication. 
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Integrals Involving Products of G~Function 

By 

S. G. GUPTA 

Department of Mathematics^ Government College. Kota, India 
[Received on 29th May, 1967] 

The main object of this note is to find a formula in order to evaluate definite 
integrals involving the product of three Meijers G-function® in terms of S— function 
defined by Sharma^. This function is a generalisation of hypergeometric functions 
of two variables defined by Appellet Kampe’ de Feriet^. Since G-function is the 
generalization of a great many of the special functions the formulae can yield 
many results involving Bessel, Legendre, Whittaker functions and other related 
functions. Integrals proved recently by Bailey^ and Sharma® follow as special 
case of our findings. In what follows n and m are positive integers and A(-rj «) 
represents the set of parametres 

a 1 ^ j 


[ A {s, fly)] = A {s, fli), A {Sy fla), • . . , A (^, «r) 
The result to be established here is 


r A, B / 

I G lax 
Jo C,D\ 


hi 


>^o\g 

,fDl q,,r \ 1^1, 





{\-n){h~kq-\r) 2%- 2«,-+J [r - q) (1 -m) (a+^ J 8) 

= ( 271 ) n {2v) 

- 2a,- + i Y - 4 8 4- 1 ( 1 - «) -\C-l D) Cri -D+ 1 

X .m ( 27r ) n 


— 

« A ,0 


n {r - A), nq 


“ nB , nA 1 


n[D-Ai\ 


j mp, ma "I 


' m(S-a) J 


[A(n, ^lr+1); [A(nj 
[A(m, /o)] ; (A(n,/x) )] 
[A(m, fly)] ; [A(m, b^]] 


a»i„n(o-D ) 
bnn^<^i-p 




When the following set of conditions (A) and (B) are satisfied 

(A) The non negative integers A, B, C, D, h, q, r, a-, jS, 7, S satisfy the follow 
ing inequilities , 
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^ > 0, r > 0, b > 1,0 < .4 < /?, fi < /i < M) < f. (, : ^ • ;: 

0 -4 « ' ■ S, 2(^+iSr) C+ £>, 2 k > q-hf, 2. *1 , > y 4 ' ' ’ 

I arg |<(^+/f-,| fH r, ; arg l> : f A-.| - «■. .,rg ,■ . ' | 

(B )^ ! arg alt i<.7j4 [). | /j., j , /) - , 4 

jarg |.;"r«A.{.»iia-}.„» I 5,,,^ .| \ 

2{ aA + Mfl-i- nm 5 > -} ?«§ 4 nr + my , 

/f{mmyy4 ini,i m f j) ,0 I ^ j, 

2- jPoi tstabiishitig the aiajve rcsull wt shall need the htlhiwing liiriiuilac 
IW pages 207, 209, 219| 


(t) 

p> 9 \ 


«i. 

A,. 


II IjAi'*! II lit M/'l"’*'* 

tip 1 t/SS >■’*' J'*-' ^ 




2 !r| J 


i» I'i l«A^« 4 >,ri it I'laj-jt) 

J-mifi * Jmin-in * 


x^ds ( 2 ; 


(«) 

(Hi) 


Jd'-G 


nu 


P> ? 



« f; « j 

f A- ***■ " i 

\ i bj 

/>? ^ 

1 S A, -} .^ / 


0 / n,^ 4 | \ 

' 2 , A" a+A, «+,, « «4/, ) “ * ^ r <**) 


(«) Fax = {2r)^“i'‘ TuA-f .’: 1 

frum which it can be derived that, for positive imrgej 

(») 1X«4-/W) -o (2^)^ " ^ %* j./a-f-r ^ 

rav \ n '■* 


and 


ivt) 


!'(« - rtx) (2w,i^ ■ i” * «•’*'''■• I j /«“} r _ \ 

\ n 


(vii) r ^'r.t c,’ \ /< / a it \ 

_i 27 >-")( 4 +;-j,-i,, ^ i.,„„,..,,„.j.,H 

X m -.ayd I 7 _ I ui,}.j nfii .,y 

>«y+«r, wiS I mi \ ~ 

[A (m, afi)], [zv (n, 1 - ,.. „ , j ^ . . 

[AK ba)}, [A{n, I rj] ■ ■ ■ ■ ‘ 

S n> iH»i, ..'-(Wi, 
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under appropriate conditions of covergcnce given with the integral. 

(viii) = 6* I 


-f m„ 0 1 

! 




1 Pi~f»u ?1 J 


* • i ^19 • 



r »» 2 > »2 '{ 

^1? • 

* • > ’ 



[ p2~m^, q^-n^ J 1 





r «3. «3 1 1 

• 

• • 5 5^15 • • 


J' 

, L ?S'-«3 J 1 


3 

^3 

N. 


1 r tco r too 
(27rif J -too J -ioo 


^2 % 

,7r r(j«-+^+^) T Tll-Cjf + s) 7C r(««'-5) 

•' J=zl /z=l 


P2 

TT TT TT liici-s) 

y=:m +1 i=i i=m^+i 


X 


X 


r(W^*+0 r(/^*~^) 


^2 ^3 

TT r(i~rf/+^) TT r(^ 4--0 r(i-/«+o 

i=n ^+3 




i=^ 3 +’ 


^2 ^3 i=l ^=1 

(ix) = 2 S (ac)^« (j)>)/t, 


■?,t=l -yrsl 


P2 ^2 


nil m^ . «3 

^ r(a^*+^u+/^).^' T(l-ej+fv) ^'T(frfv) 

• y=i ^=1 ^=1 


^3 i^i 

X T{ej-J^) . ^ r(l-/y+/«) r(l-/^-+/^) 5 T{i-aj-d^-f„) 

=m.+i J=n +i o-i- 3-1 


X F 


■ /»! 

4* /t; 5 . 

• • 3 dy fq) 

Pi'^p2~^r~^2~^z 

/-s 

1 - r, + if,/. 5 . • . 

• 5 1 ” 

-i 2 

*(-l) 

Pz 

1 - ^1 + /tJ J * • - 

• > ^ + /^ 

Pi+Pz ->»1 m^-n^ 

?1 

4"/^ > • * 

• • , bq ^ dy -\- fq, 

y{-\) 

?2-l 

1 di 4“ dy^ J . . • 

\ - dq dy 


- ?3-l 

1 +/y5 . . . . 

* • > 1 - /gj +./« 



( 9 ) 


Where the prime in indicates the omission of ihe factor of the tjpc [dj - dj) ; 
tlie asterisk in the F denotes the omission of the parameter of the type (1 —f^+f^). 



The alKJVC F‘ 


a>l»’ scrirs 


CO CO JaJ 

^ V 

mssG naO ?3 ?»? ^ i i M 

IT (1 «• Cl-‘/|f/,,%i f I%4**^«i4/rlw4fi 

|«sl |jr.| ' ' Jf.t| 




Px+Pr-Mrm, 


-n 




Proof t If the integrand of ( i ) G 

\ i/l > • * • I 


I i« replaced Jjy its equi- 


valent contour integral (2), then the order of integration be changed and the 
inner integral be evaluated with the help of (I7l ; wo get on using I'i) again, the 
value of the integral as 

{\ - n) {h~ i q - i r] 2pj - 2'<^+|(r -q) (1 » wA C« } f* * - |^) 

(2t) n pin)' 


iSd* 1 ^-i ® 


A B 

,* r</y “ -tj r r«. I .'r^4.r! 


-too’' ‘.ICO 


w I f(ii -t 


i=i l \m 


r i-:^^+Or 1 


-i (U I 


m /Jiaii 



1) 


r( 



1 - 



m 



i:i8+l 


%*t) 




i« n«?Fb / 


rff rf/. 


( 11 ) 


Putting j for j/n in (11), and applying the formulae '{5) and (f») and then interpret 
it with the help of (8), we get (1). 

The contour in the j -plane here a straight line along the imaginary axis 
extending from - iso to t» with indentation, if necessary to ensure that the poles 
of r(^ - s),j sx 1, 2, . . , ^ are to the right of it and the poles of r(l - 
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^ = 1, 2, . . * . 5 J5 and = 1, 2, . • , A are to the left of the 

contour. 

Similarly the contour in the ^-plane runs from - ioo to ico with loops, if 
necessary to ensure that the poles of r(^^* - mt)^j = 1, 2, . . , « lie to the right and 
the poles of - aj^mt)^j = 1, 2, . . , /3 and \.'{l + l 3 j+s+nt)yj = 1, .2, , . h are 
to the left of the contour. 

In the proof is involved the change of order of integration, to justify the same 
let us first investigate the convergence of the integral (11) in the ^-plane. For 
that we put s = ij (t is considered to be constant) and take the limit as j; — > co 
then since 

lim T{x + iy) [ == \y | ' 3/ [ 

j; CO 1 

The absolute value of the above integrand is comparable with 
exp[-4ir(2A+2^+2S-£»-C-?-r) b ' 

^ yR [2/,- - - S«i+ J C-ID ?+ir] 


where 



Hence if 2h D+C-f ^4 then the integral is convergent, 


either if ] arg -- | < \ 

or if I arg ^1 = (A+^+-B - \ D -^C - \ q - \ r) 

then i?{S/,--2«,-+2^,--2a,-+iC-4i)-4?+U}<-l- 

while if 2A-i 244-2B= D+C+?+r, then the integral is convergent only 

if arg|- j =0= \ Z) - 4 C - | g - rK and 

fj - 2«,-+Sj8z - C-lD-l g+4 r} < - 1. 

The discussion in the J-plane, while considering i to be constant is similar to 
that given above so we give below only the results. 

If 2mo+2m/3+2nA > mS+ng+nr+mv, then the integral is convergent, 
either if arg w~\'rny) v 

or if ^ = (ma-l-ju/3+nA - 4 ni8 - 4 n? - I - 4 m'i') 

R{ 2bj - -Zaj+lpj - 2a',- - « - j8+4 '>'+4 8-4 ?+4 r+ma+m^ - mS) <- 1- 
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While if 2w*+2wfJ-{ 2«/< wS-}-n^ | sr I ?«i' Uirn the intcKriil is rtonve ojjjy 

I 

arg i -- 0 =-• /H" »/» ' 3 '«* • ^ '. «r - § 

R{ 2^/ - “ ^«i - « - /H-| 1 !■: « ■' a ?! » 4- w«*f w/? - j»i,^ ) 

Thus'.we see that thr change of order nf intcgfatHtti h adnussiUlc for th 
conditions given with ^I), as with them integral 2 iis ahsolufcly convergent the 
inner integral after change of order of intrgratiotj is aho ahsolmc'ly ronvegent and 
the resulting integral ( 1 1 : is also convergent. ” ““ 

4. If we take n ^ m » 1 in (1), it takes the hum 



iax ) 

*• "(», 

\ 


i 0 C, D 

\ t/i. . • 

<i.’\ 1 

/ 1 |, . . , dr / 

y, fi 


rx 


* 


» • • » ay\ 

‘ , hi 



• A, » 

„ '■“A» H . 

(dHU. . 

j 

j 

. . dr 1 1 ; 'id 1. . ; . | 1 

a 


il. d 



"f 


0 

1 

i 

1 


* * ,/i *' ** • * * * » J 

B i 

c 

a* 

' d, « ’ 

. 7-d, d-o” . 

«1. ■ ■ • 

• 1 1 ^if ‘ « • » * 

h 


dx 


( 12 ) 


When the set of conditions (d) alongwith thr following e.ftnditinns .ire satisfied. 


argj 
' c 


< {h+B~^A - I f - I D ~ I r “ I (.■) », 2(h+H-^ A) ({.j- 


jarg ^ I < ^ i ? i ^ i * i /* f 4*i^4"’f+y, 

iif(min j^-+ntin /4^-+min bj-l-l, : • 0 , • e^-fmax aj ~ 2) 

Example I : Putting A = 1, y = o, r - . 1, /!, - 0, .4, »» 1, /i r;, n I, fi a, y 
and specialising the parameters, wc get 




, tiy 

• hi 


fix I dx 


* 

c 


a, , 
a„ . 


for 


7 

0 

23-1 i/, 

«”' . h . 

R{X) > 0, R{b) > 0 


. . , a , 

• > fty 

. , A'/) 1 

» I 


/’ 

A 


(13) 


[(9) page 54 !^''* can, also be obtained from .1 resttll given by Slater 

Example II : Assigning special values to the parameters in (121 we have 


f 
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= ‘ +'+'■ > + 2 . ; - 1 , 

for l!> 0 5 i?(fx.-|-v -f- 1^ 0 (1"^) 

Also from a result due to Bailey^ 

13^ 2-t^-^T(l+ix+v) 

(<k4-^-[-J)i+m+v -^4[i(l+/^+^)3 K2+/^+^)> M+lj I 

(3^ n. 

^ ^ («+/3+6T^ ’ 1^+fwJ (15) 

equivalence of both gives 

^2[2«, p, 13', 2p, 2p’;x,y} 

- (1 - i * - F,K a+l, |3+i, ^'+h ’ (2-x-3;^] (16) 

Which holds inside the common domain of the series involved. This formula 
is essentially a generalisation of the well known quadratic transformation 
[4] page 111 eq. (4)] 

^,{a, i ; 2 6 ; *} = (1 - I ^)-« 1 1 J «+| ; ; (^)')- 

5. If we put xP' for a: in (12) and make use of the formula (3) weget 



nl 

^ax- "’i” 

• > «c \ 

g A, 0 1 

f i ;(- 1 ’ "2 ) G ^ 1 

(cx^ 

Jo 

D ' 

k fi, • 

•,/d/ 


\ 1 ^^15 • i &T I S 

\ J *1, • , *s / 


— if~/T r / 1 ;8i + |, ..., + i ;»] + !»••• 5 '‘g+l 

2y/b I r-h, ? J ^ 

r ^ 1 . ^ f 'b 

[c-b,d-a\ ’ “ 

* j ( 17 ) 

the conditions of validity being the same as given -with (12). 

Example I : If we specialize the parameters so as to apply the formula (4) in the 
Gr-Functions of (17) we get, 

J x^-^ Ey(ax) Kfxiax) Ky'{bx) K^’{bx) Ky' ’{cx) Kij,>>{cx) dx 


L0.2 


0, 4 1 i\ ; |(•'+x-l+p), 


[ 2, 0 J J(~r-1-X-1'-/^), 1 -m) ^2 

"^^’‘^1 0 ,;^ ; J(v’''-h/*’), |(v"- 0 , 

L 2, 0 J J 

i^(A±v±F±'''±^‘'±v"'±^‘'') > 0 (18) 
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Next we remark tJiat if the paranieicrs .irc s«itaWy chosen, an application of 
the formula will express the imegrals of the roUowiiig typcMilso in terms of tj* 
S-function which by (10) can be expressctl as liyprrgc. imciric s-rics of two variables 
under appropriate conditions of convergener. 

mm 

ii) 1 

/ m 

Iftiax] Kflm) i^'(hx) A\,'{bx) 

0 

l*m 

{in) I x^-' Jtt{ax) J^{sx) l/i’ibx) Jf'iltx) J,i“lex] J^>>{(x) dx 

J 0 j 

{iv) f x^~‘ H J, {ax) (ax) [bx) H |f ^bx) ti U-xi tl (a) dx 
Jo ^ 

/%# ' 

(o) W''l,„,(ax) W%, ,(<*)(& 

Particular casts : (i) If .1 ^ 1, /I *0, C » 0, /): =.2, k ’I,q- ti, ri*»2, .. 1 , yaQ, 

a=2, /j-i - g, /fr 'H i, /i«i-4 - i. H 1 I, b, = » *1 in (J7) ; and 

expanding the S-function into a double series of by (9| and { 10| wc get a result 
due to Bailey ‘ 

{ii) Again by taking ^ 1 . Bs»Q, C»0, />«®2, A‘ »2, fas2, «*»2, j8«0, 
7=0, 8-2 ,/i^ 4+^,,/, = ^,. = *,**.i^, /i, l-i* in (17); 

and using the relations (9) and (lO), we gel ktiown result due to Sharma* 
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A finite integral Involving H- function 

By 
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Abstract 

The integral 

/ . V a , « r - I « M 

dx 


r* *“-i {t-x)P-^ h’” " 

zx\t -xY 


Jo P <] 




\dx 


(A) 


1. Introduction 

MacRobert^ evaluated an integral 

(1 - «)/3-i Bl^p;a^:g;/3^:^x^(^l-x)”* J 

where / and m have same sign. Recently Sharma^ generalized it as 

f (x +y)'^-^ ^ ^ x^-»^[x + j)»» K 1 ax 

•'0 r si \b^} 

for positive integral values of / and m. 

u- paper an attempt is made to generalize it further in the form ('A') in 

which the parameters are subject to the conditions that 

it) R(a) > 0, R{^) > 0 ; 

(«) k and s are to be non-negative integers not both zero ; 

(iii) and/’j are all positive ; 

1 a„d%ave the l< } i' or a > 0, | arge |< jAr, i!(g+l) < 0 where 


(II) 

(1-2) 


n p m 2 

respectively. 

Proof ; We evaluate (A) by term by term integration. Let i: = tv. Then it 
becomes 


d“-i (1 - o)^-i ” r^: t^+s jfn_ 0)8 ("r, <r) ] 

U pql (*.,/,) J 


(1 - o)' 
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dv 


(1-3) 



Substituting the value of H*function givan by Fox* in tht abtwe we have 




"f 

J 0 




il-VjH- 


n Vbi-fiiti II M -rt,* f 

1 j i=‘ /»! 

^ \il-bj\fji) h i'iaj fii 


2m 




(1*4) 


Now changing the order of integration we get 


lii+Zi 


a 1 P 
271 * J 
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so that on evaluating the inner o-integral Ijy 

B{p', q) =» f -' 1 1 <lj, Hi p‘ t > 0 , 0 
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precisely the result can be expressed as follows 

. iIj+h i ^ ' 1 “ * fh 5 ‘ 


w+'J 

j) f‘i ^+i 




(1‘5) 

( 1 * 6 ) 

(1*7) 


The change of the order of integration in | l*4f is jnsiilied a» wc observe that 
the inner i?-integral is absolutely convergent if 4‘" 4^ ' ’ Ch i^\Ji d" - «n:]id the 
^-integral converges in atleast one of cases referred in 

Particular cases : 

(a) If ^ = 0 and k « <r, it U simple to modify the steps in the derivation of 
(A)* It comes out to be 


i: 


*a-i " 

P t 

jf.jl m w+'i 
qi-i 


Zx* 


rj 1%> 


dx sa Vp 


fim fn • 

L is « /V'j 


( 1 * 8 ) 


(b\ If wc put <r, all is and fs rqual In unity iti the result f l, p. 417j is 
obtained. 

(<?} If ^11 fi’i and/’s- an; equal tn unity, m . p, « • 1 , /» - q ^ \, q />, a,=l, 

then by (1, p. 444 1 
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we obtain the value of (M) as given by MacRobert for positive integral values 

of k and 5’. 


_ {d) If m = 1, q = 2, p = n = i), = 0, f, = 1, b.^ 

by virtue oi 


- v ^/2 = ^ in [a) then 


we obtain 
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Nitrogen Fertilization Levels and 
Soil Moisture Supply! 
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Abstract 

In a pot culture pxperim'^nt with oiiH thr n cuvery ctflcrtiU/rr nitrogen as 
affected by the levels of nitrogen fcrtili/ation 150 and 800 tng nitrogen 

as nitrate per Kg. soil) and moiatnrp regiittp <ir., *I>ry' and ‘Moist’ regime, 
corresponding respectively to giving irrigation when 00% anti f»0% of the avail* 
able soil moisture were exluuwted) was studictl using ferlilizrr jiitrogen labelled 
with 15i^. The recovery, ranging from 2r>’7‘’;, to was decreased due 

to increase in level of nitrogen fertilisation and due to drier moisture regime. 
As compared to the isotopic method, the difference method of determining nutrient 
utiIi 2 atton yielded lower values which ranged from }l’'i % to 50-2 d« pending on 
the level of nitrogen fertilization and moisture supply. The underestimation of 
the recovery values was particularly greater in magnittide at higher levels of 
nitrogen fertilization and ‘drier’ moisture regime. 

Introduction 

The utilization of a nutrient from a fertilizer source has often been deter- 
mined by subtracting the amount of that nutrient in unh rtilizcd plants from that 
in the fertilized ones. This, the ‘difference method*, has drawbacks that on one 
hand the plants grown under the condition of deficient nutrient supply are com- 
pared with those amply supplied with that nutrient and on the other hand the 
effect of the applied fertilizer on the availability ol that nutrient already present in 
soil is not taken care of. Use of a labelled .sotirce, however— the label a radio- 
active or a stable isotope- offers the possibility that ihrough the application of the 
principle of isotopic dilution the simultaneous contribution of two sources of a 
nutrient be determined without above limitations. 

Utilization of the fertilizer nitrogen by plants has been Investigated by using 
the ^stable isotope ISjsj. Most of inch studies have ihowii that the* rrcovery of 
fertilizer nitrogen by the main crop h rather low (B.irthoh>mew el a/. 1950, 
MacVicar et al. 1950, Turtschin el si. 1960, Victs, 1960 ), This paper reports the 
results of an experiment which was conducted to study the utilization of fertilizer 
nitrogen by oats (riwna MtiM) as affected by the nitrogen fertilization levels and 
the soil moisture supply. The experiment was also aimed at studying how the 
ainerence method would compare with the isotopic mrthiKl in drtrriiimiiiig the 
nitrogen recovery under conditions of the above variable^. 


1 . 

2 . 

3. 
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Experimental 

The experiment consisted of culture of oats similar to pot-culture in 2 liter 
beakers having a mixture of 0*75 Kg. fine quartz-sand and 1 Kg. of a loam soil 
(Northern Blackforests, W. Germany, containing 0*239% total N, 0*023% lactate 
soluble P2O5, and 0*026% lactate soluble K2O ; pH value of 6*0 and moisture 
content of 22*7% at 0*3 atm. and 9*8% at 15 atm. tensions on the dry weight 
basis). In a factorial design, all combinations of the three levels of nitrogen, Nq, 
1^150 j ^200 0, 150 and 300 mg nitrogen per pot), and two moisture regimes, 

^moist’ and ^dry% (corresponding to irrigation when respectively 50% and 80% of 
the available water where exhausted) were tested. Each pot received an uniform 
supply of 200 tag. P2O5 (as finely powdered CaHP04 mixed with dried soil) and 
250 mg. K2O (as K2SO4 in no nitrogen pots and as KNO3 in the rest). The 
balance of nitrogen, as necessitated by the treatments, was supplied through 
Ca (N08)2-4H20 . T o lable the fertilizer nitrogen, 20% of the total amount was 
supplied through a KNO3 salt containing 95*7 per cent excess 15^, The salts 
supplying nitrogen and potassium were mixed with the soil as solutions before 
planting. The pots, initially planted with 15 seeds of oats (var. Garsten’s Phonix), 
finally carried 12 plants each. The experiment was terminated 70 days after 
sowing {i»e. 45 days after the onset of moisture regime treatments) by harvesting 
the whole shoots, which were immediately dissected into leaf, stem and ear, 
freeze- dried 3 weighed and prepared for analysis. The content of total nitrogen in 
the dried plant material was determined by Micro- Kj eldahl procedure along the 
lines described by Peach and Tracey (1956). For 15^~assay, from the arc- 
emission-spectrograph of N2 gas, the frequency of I5j^ in the total nitrogen was 
calculated by comparing the optical densities of 28j;q2 ^9^2 (correspond- 

ing to 3159 A and 3162 a, respectively) as described by Schumacher (1965). 
Per cent recovery of fertilizer nitrogen by isotopic method (R-j) and by difference 
method (R^j) were calculated as follows : 

R. _ frequency of 15 m in plant nitrogen ^ 

^ frequency of 15^ in fertilizer nitrogen 




nitrogen-uptake by 1 nitrogen-uptake by 

fertilized plants I unfertilized plants 

nitrogen added to the soil as fertilizer. 




X 100 


Results and Discussion 

The main effects of the levels of nitrogen and moisture regimes as well as 
their combinations on the dry matter yield, total nitrogen uptake and utilization 
of fertilizer nitrogen have been summarised in the following Table. 

The mean effect of nitrogen fertilization on the dry matter yield was not 
significant. The yield was markedly low at "dry’ regime as compared to "moist’ 
one. Increasing rates of nitrogen fertilization resulted in decreasing yield incre- 
ment at "moist’ regime whereas at "dry’ moisture regime nitrogen fertilization 
caused reduction in yield as compared to no nitrogen control. 

Total nitrogen uptake increased as the nitrogen supply was increased, the rise 
due to the first dose (t.e., N^gy) being higher than due to the second one (i.e., N^qq). 
At "dry’ regime the total uptake was considerably lesser than at the "moist’ ; 
however, this effect of soil moisture regimes was not as marked as their effect on 
the dry matter production. 
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Whereas the absolute amouiil of ff!nili.?er tthwjjni tr*.,v r<il b. 
iiicrcased as the ftiiilixalioH nu« was rakrd, llic |Jcr tim trunen 
nitrogfu TIk: rrrovcrv was ro»?.pim<»«sJv hnv ,ii '«!• v‘* t ***^™‘* 

regime. A mtnpai im.!) «r rcwnrtj ti.ua as u,»r}jril out ‘ hv th> 
with tliosc tlelcrminrd by the diilrretier reveals ih,it ihr ! uLr 

underestimated the r. ctH'ery valur Thr magtiiludr ».f thj^ uudrrrsd... 
greater at higher fertilizer dose in rompaiiwn to thr lower onr ,i»! 
regime as compared to “moist' trgiinr. “ **' ™y' 


TABU- ! 

Effect qf few/' of mlrngen nnii motilmr on tfw s/o- matitf «io,« « 

mi tnomr ef/rttiHrof niJtogtn hi m3 i/i.*.*,/* 


Trettfflieiiti 


Dry 

itiilicr Tiitil H 
yielfl renintttl 
gffmt mg^pdet 


if?* 

limn itii^ 

fm tmi. N fri m* mu - 
mfhml fifiiii mmf4 hf 

ftrilllm 


rccfiitty ftf rcrtill/''''' 
iiliriiftB i| 

iiy ; , 

fto|«i|i|r Hilf. 

wifthtnl rpnee 

method 

^ h 


Levels ofj^ (average 

over 

moiilurr regimes! : 





No nitrogen 

9*4 

145*0 


.... 

.. 




150 mgN/pot 

300 mgN/pot 

9-7 

9-7 

193-1 

209-1 

35-3 

48*0 

68-7 

19!*t> 

47-6 

63-5 

S5-8 

:'3*7 

:{|*7 

•'M 

0-69 

0-62, 

L. S. D. 5% 

«» 

7-1 

1-3 

6-7 

8-8 

3 1 

3*8 


Moisture regimes (average 

over levels of nitrogen' : 





Moist 

11-9 

209-a 

43-2 

104-2 

H 8-8 

48 6 

42 1 

0-86 

Dry 

7-3 

155-5 

40-1 

65*5 

22-2 

:wi 8 

ftt-7 

U-34 

L. S. D. 5% 

0-5 

6*6 

1-.3 

6-7 

a-15 

8-1 

3-8 


Moisture reguM x nitrogen 

level. f : 







Moist^ no nitrogen 

11*2 

15«)-4 







Moist, 150 mgN/pot 12-2 

225-7 

36-9 

83*1 





Moist, 300 mgN/pot 12 * 3 
D*7, no nitrogen 7-5 

252-7 

140*8 

49-! 

124-9 

^0 .4 

102-3 

5!rf, 

41-6 

5{) 2 

•14*! 

0-91 

0-82 

Dry, 150 mgN/pot 
Dry, 300 mgN/pot 

L. S. D. 5% 

•*Not stgnifi cant 

7‘2 

7*1 

9-0 

160*6 

165*8 

11-5 

33*6 

46-6 

•• 

5.1-9 

77*1 

9*4 

19 8 

24 6 

12*4 

3.5-9 

J / 

** 

13-2 

8-2 

5*4 

0-37 

0-32 


£ 206 j 



A lack of substantial growth response of plants to nitrogen fertilization could 
be attributed to the presence of appropriate amount of nitrogen in the soiJ. Due 
to the luxury consumption of available nitrogen, the amount of total nitrogen 
taken up by plants increased as the level of nitrogen fertilization was raised in spite 
of little increase in the dry matter production. The percentage of applied nitrogen 
recovered by plants decreased as the level of nitrogen fertilization was raised. In 
all probability, the limiting effect of some other growth factors became accentuated 
at the higher level of nitrogen fertilization so that increased amount of available 
nitrogen could not be utilized by the plants in proportion to its supply. Very low 
recovery values for the ‘dry’ moisture regime were primarily due to highly 
restricted growth resulting from the insufficient moisture supply for plants at this 
regime. 

The two methods of calculating recovery of fertilizer nitrogen gave velues 
which differed considerably from each other. Although the nitrogen utilization 
values as worked out by isotopic method could also be lower than the actual ones 
because of microbial immobilisation ol fertilizer nitrogen and accelerated minerali- 
sation of Soil nitrogen upon the addition of fertilizer in the soil, these values are 
more reliable than tin se yielded by the difference method ; after all ‘the label in 
the plant would come from the applied fertilizer only (Michael and Machold 1957). 
The isotopic method can, therefore, be taken as a standard for comparison. The 
most conspicuous fact that emerged out of this comparison is that the difference 
method very much underestimated the values for fertilizer utilization particularly 
under the conditions of lower moisture supply. Under ‘dry' moisture regime the 
recovery values for fertilizer nitrogen estimated by difference method were almost 
one third of that by isotopic method. This discrepancy seems to arise due to the 
basic assumptions on which the difference method works. Here it is assumed that 
the amount of soil nitrogen taken up by plants would be same both in the presence 
as well as in the absence of a nitrogen fertilizer. The validity of this assumption 
is naturally limited (Behrens 1955, Kurtz et aL 1961, Michael and Machold 1957). 
This assumption could perhaps hold under such situation, when with increasing 
rates of nitrogen fertilization a linear increase in the total nitrogen uptake 
occurred proportionate to the increased total nitrogen supply in the soil. If such 
an increase were not to occur, the assumption would be invalid because in the 
presence of fertilizer nitrogen, then, a relatively smaller amount of soil nitrogen 
would be taken up by plants, as logically the plants should cover their nitrogen 
needs from soil and fertilizer sources proportionate to the amount of the available 
nitrogen present in each of these sources. The result would be that while cal- 
culating the recovery by difference method a value for soil nitrogen bigger than the 
actual one would be subtracted from the total nitrogen ond consequently a lower 
value for recovery of fertilizer nitrogen would be obtained. The results of 
present experiments could serve as an example supporting this contention. In 
this study, as the level of nitrogen fertilization was raised, the total nitrogen 
uptake did not increase linearly but at a diminishing rate and the marginal 
increments were particularly smaller under the ‘dry’ regime as compared to the 
‘moist one’. The values for fertilizer nitrogen utilization as determined by 
difference method were, therefore, lower in comparison to the isotopic method 
and the magnitude of the deficit was particularly greater at drier moisture regime 
and higher levels of nitrogen fertilization. It is ^ probable that under ‘dry’ 
moisture regime conditions, as the level of nitrogen fertilization was raised, the 
root growth was adversely affected, inconsequent of which the root system of 
fertilized plants could not take up as much soil nitrogen as that of the unfertilized 
control ; hence, while calculating nitrogen utilization by difference method a much 
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JjJgger &Hiout 4 t for soil iiilrc^fen vms dpiluv.njtl iHah llic iwiiii4l hhc, 4n<i the fecov^ 
values worked out to be very low. 
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Nitrobacier agilis (In liquid culture mediiim) 

By 

S, P, TANDON & M. M. MISHRA 
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[Received on 7th August, 1967J 

Introduction 

The nutript requirements of nitrifying bacteria are simple. Some elements 
namely magnesium and phosphorus^, iron- and molybdenum*^ have been found to 
be essential for them. Copper^ and manganese’, although not essential tor their 
growth, yet have been observed to accelerate the process of nitrification, when they 
are present in traces. Khare and Tandon^ have studied the effect of some rare 
elements on nitrosofication and have found that where the optimum amounts of 
salts of rare elements are used, the growth of Nitrosomonas is increased, in some 
cases the growth is twice that of the growth in normal culture medium. Accord- 
ing to their observations, the order of the efficiency of trace elements is as follows : 

Indium sulphate > Zirconium chloride > Thallous sulphate > 

Beryllium sulphate > Osmium tetroxide > Gerous chloride. 

In order to understand the effect of some rare elements on nitrate formation, 
in liquid culture medium by Nitrobacter agilis^ we have carried out extensive 
experiments. The results obtained with thallous sulphate, beryllium sulphate, 
auric chloride, indium sulphate, thorium sulphate, uranyl sulphate and zirconium 
chloride are recorded here. 

Experimental 

For the systematic study of the effect of thallous sulphate, indium sulphate, 
thorium sulphate, beryllium sulphate, auric chloride, uranyl sulphate and 
zirconium chloride on nitrite oxidation by Nitrobacter agilis^ the following 
procedure was adopted. 

The following solutions were taken : 

Solution A - sterilized sodium nitrite solution containing one milligram of 
nitrogen per ml of the sulution. 

Solution B - containing all the constituents of Fred and Davenport’s medium 
except sodium nitrite. 

Solution G - solution of the rare salts used. 

30 ml of Fred and Davenport’s medium were taken for each experiment 
with different amounts of a particular salt solution and the volume of the whole 
solution was made up to 50 ml by adding the requisite quantity of distilled water. 
The composition of the mixture with thallous sulphate is give here. The following 
nine sets were taken separately in duplicate in ,250 ml conical flasks : 

(f) 30 ml solution B + 20 ml distilled water 
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(it) 30 ml solution B -}- 1‘0 ml M/lO.W'jOTljStl, soBition 
4 }*jM> ml di'JiiUrjl w,»irr, 

(ni) 30 mi solution B + 2 0 ml M lO.OW T1 .RO, -.oh,iin„ 

4 18 0 tisl distiUrd W4t» r. 

(ill) 30 ml solution B + 1‘0 ml 1^1 lO.OtW TljSDj solution 
4 16 0 ml dittillftl Wilier, 

(?i) 30 ml solution B + tVO ml M 10,009 Ti>0, Rolution 
4' !'i*0 mi diatilled w.ilrr. 

(!'i) 30 ml solution B f 8*0 ml M;lo,ooo 'I'l^HOj solution 
4 12‘0 mi di^tiUj il wnfn , 

(m) 30 ml solution B4 lO-O ml M - O OOO T!,R( >, soiulirm 
4 10*0 ml t!i 0ilSe4 w,j|>’r. 

(t»i«) 30 ml Solution B4 IIVO ml M/U),(M>0 Tl jSO| miuiion 

4« S O ml rfistillfd Wfutrr. 

(tjc) 30 ml solution B 4 20'0 ml 1M/!0,090 Tl^Sf sotuiion 

0’2 ml solution A was added to esirh of the ahove iUska, All the flask* wett 
sterilized at 15 lbs pressure for 15 miimtes in an elri-irir autindavr. After sterilks-, 
tion the flasks were allowed to cool and tin n I'U ml inoculum of a pure culture 
of Nitrobacter agilis was introduced into each of the flasks and the latter were 
then kept for incub-ation. 

Nitrite was estimated in each flask after -IH, 90, !t»B, 240 ond 300 hounby 
Griess-IIosovay method®'. Nitrite+nilraie nitrogen was also estimated at the 
beginning and at the end of eaclt experiment by brucine method*. 

Similar experiments were arranged rmploying racb of the following salts in 
place of thallous sulphate beryllium sulpb.itr. thorium suliibate, indium 
sulphate, auric chloride, uranyl sulphate and zirconium chloride. 


TABLE I 

Milritc oxidation in presence of (haltous miphale .mol, wt. 500\1) 


ml of Nitrite nitrogen left at different intervals of time (in mg) 

thallous sul- — — ...... — — — 

phatcsolu-^ Time in hours 



48 

96 

lOlJ 

240 

360 

Control 

{)• 156090 

0-087120 

0-020.128 

O-ftO 544.5 


l-O 

0*163350 

0*092928 

0-031218 

0 0132-Ki 


2-0 

0-170610 

0*117975 

0*047916 

0 011218 


4-0 

0-177870 

0-119790 

0*069696 

0*031218 


6-0 

0-181500 

0-125235 

0 087846 

0-046464 

0-004356 

8-0 

0-185130 

0-130080 

0*090750 

O-O47016 

0*024684 

10-0 

0*190575 

0-166980 

0-148830 

0*132495 

0*110715 

15*0 

0-192390 

0-170610 

0*152460 

0*152400 

0-152460 

20-0 

0-192390 

0-177870 

0-161535 

0-161535 

0-161535 


Control =: containing no thaliout sulphate 
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TABLE 2 

Nitrite oxidation in presence of indium sulphate (mol. wt. 679-5) 


Indium 
sulphate 
solution 
added in ml 
in 50 ml. 

Nitrite nitrogen left at different intervals of time (in 

mg-) 



Time in 

hours 


48 

96 

168 

240 

360 

Control 

0-156090 

0-087120 

0-020328 

0-005445 

— 

1-0 

0-150645 

0-085305 

0-011016 

— 

- 

2-0 

0-141570 

0-077019 

0-004356 


— 

4-0 

0-136125 

0-071874 

0-002178 

- 

- 

6-0 

0-130680 

0-055176 


- 

- 

8-0 

0-120615 

0-049368 

- 

- 

- 

10-0 

0-116160 

0-024684 

- 

- 


15-0 

0-154275 

0-095106 

0'031218 

0*011616 

- 

20-0 

0-190575 

0-174240 

0*157905 

0*132495 

0*112530 


Control =5 containing no indium sulphate 


TABLE 3 


Nitrite oxidation in presence of thorium sulphate imoL wt. 424’12) 


Thorium 
sulphate 
solution 
added in ml 
in 50 ml. 

Nitrite nitrogen left at different intervals of time (in mg.) 



Time in hours 


48 

96 

168 

240 

360 

Control 

0-156090 

0-087120 

0-020328 

0-005445 

- 

1-0 

0-148830 

0-078045 

0-018876 

- 

- 

2-0 

0-132495 

0-067518 

0-004719 

- 

- 

4-0 

0-118338 

0-056265 


- 

- 

6-0 

0-096722 

0-042108 

- 

- 

— 

8-0 

0-133584 

0-066066 

0-011616 

- 

— 

10-0 

0-157905 

0-103455 

0-059895 

0-010527 


15-0 

0-179685 

0-148830 

0-118338 

0-066429 

0-010164 

20-0 

0-192390 

0-176055 

0-176055 

0-176055 

0-176055 


Control = containing no thorium sulphate 
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TABt.K 4 

Mirile mmiigtwn in pmmr« »f hityiHmj ^ulphatt im>)i. wf. IOS-D'i 


Beryllium 
sulphate 
solution 
added in ml 
in 50 ml 


Nitrite nitrogen left at diflerrnf !nt*-rvals of liinf 
Time in hour* 

48 m'r tan 


Control 

1- O 

2 - 0 
4-0 
6-0 
80 

lO'O 

15-0 

20’0 


0-1 50000 

0*150645 
0* 148830 
0-148830 
0*145200 
0-150645 
0-168795 
0-176055 
0*200000 


9t> 

0*087120 
0-081216 
0*076956 
0075504 
0*070t0fl 
0*088045 
0*089298 
0*1 3.1581 
0-200000 


0*020:l28 
0-015241. 
0-011791 
0-00.58tt8 
0-007086 
0*0! (.698 

O-OIIIOi; 

0*088209 

0’'2rW)<'O9 


210 

0*005441 
0'0012ti7 
0 ('»K’904 


0*004719 

tVO!o:i27 

0*O4tt656 

O'20Ot«JO 


ftn mg.) 


360 


0*005808 

0*200000 


Control mi rntitaininf »o tieryllitim stitfitifta 


TABf.B 5 

- Minis nddatm m pmmte o f auric ehkndif (m$!. « 4 . 301 * 7 ) 

Auric chloride Nitr ite n itrogen left at dilTerml intervals of time (in mg.) 

solution added 

in ml in 50 ml 

48 


Time in hours 


Control 

1-0 

2*0 
4 0 
6*0 
8*0 
10-0 
15*0 
20*0 


0-156090 

0150!45 

0*139755 

0*148830 

0-157904 

0-168795 

0-186945 

0*200000 

0*200000 


96 

168 

240 

360 

0*0«712O 

0*020328 

0-00.5445 


0*078408 

0-U 15246 

0*002178 


0 067518 

0*0! 0164 



0-071148 

0037940 



0 128680 

0 080.586 

0-022,506 

0-003267 

0*141570 

0-110715 

0 0762.10 

0*010656 

0*179685 

0-16.5165 

0*14.5200 

0*132495 

0-200000 

0-200000 

0-2000t)0 

0*200000 

0*200000 

0*20C}000 

0*200000 

0-200000 



TABLE 6 

Nitrite oxidation in presence of uranyl sulphate [mol. wt. 366-0) 


Uranyl sulphate 
solution added 
in ml in 50 ml 

Nitrite ; 

nitrogen left at different intervals of time 

(in mg.) 


Time in hours 



48 

96 

168 

240 

360 

Control 

0-156090 

0*087120 

0-020328 

0-005445 


1-0 

0-124146 

0-057354 

0-009986' 



2-0 

0-096195 

0-030855 

- 



40 

0-110352 

0-044286 

— 



60 

0-125598 

0-067518 

0-013794 

_ 


8-0 

0-139755 

0-074052 

0-022506 

0-007623 


10-0 

0-150645 

0-089298 

0029766 

0-013794 


15-0 

0-176055 

0-112530 

0-041745 

0-015246 


20-0 

0-192390 

0-119790 

0-056265 

0-021054 

— 


Control rz 

: containing no uranyl sulphate 




Nitrite oxidation in 

TABLE 7 

presence of zirconium chloride [mol. wt. 233-22) 


Zirconium chloride 
solution added in 
ml in 50 ml 

Nitrite nitrogen left at different intervals of time (in 

mg.) 


Time in hours 



48 

96 

168 

240 

360 

Control 

0-156090 

0-087120 

0-020328 

0-005445 


1-0 

0-148830 

0-084216 

0-016698 

0-002904 


2-0 

0-145200 

0-084942 

0-018513 

0-005808 

— 

4-0 

0-141570 

0-085668 

0-019965 

0-004719 



6-0 

0-145200 

0-087846 

0-018876 

0-004356 



8*0 

0-150645 

0-086394 

0-019239 

— 


10-0 

0-152460 

0-091476 

0-022506 

0-005808 


15-0 

0-152460 

0-094106 

0-021780 

0-004709 

_ 

20-0 

0-166980 

0-113256 

0-031218 

0-008712 



Control = containing no zirconium chloride 
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Discussiott* 

Khare® et a/., earlier observed that the optimum amount of thallous sulphate 
increases the activity of Nitrosomonas but it is clear from my results tabulated 
in Table 1 (Fig. I) that the presence of even the smallest amount of thallous 
sulphate in the medium decreases the rate of nitrate formation indicating that the 
activity of Nitrobacter is reduced in the presence of increasing amount of thallous 
sulphate. The decrease in the rate of nitrate formation in presence of thallous 
sulphate in the medium is directly proportional to the increase in the amount of 
thallous sulphate.. The rate of nitrite oxidation starts decreasing when only 
1 ml of M/IO3OOO TI2SO4 solution is present in 50 ml of the medium. The rate 
of nitrite oxidation is very slow when 10 ml of M/IO5OOO Tl^SO^ is present in 50 ml 
culture medium ; after 360 hours, only less than halfof the nitrite taken is oxidis- 
ed to nitrate, whereas in the medium which has no thallous sulphate, the whole of 
nitrite is oxidised. 

However, contrary to thallous sulphate the presence of beryllium sulphate, 
thorium sulphate, indium sulphate, auric chloride, uranyl sulphate and zirconium 
chloride in the medium stimulates the activity of nitrate-forming bacterium (as is 
clear from Tables 2 to 7, Fig. 1). The rate of nitrite oxidation in presence of 
these rare salts is accelerated, but after a certain optimum the rate of nitrite 
oxidation starts decreasing, and finally it stops. 

Beryllium sulphate, auric chloride, and zirconium chloride are found to be 
relatively less effective in stimulating the process of nitrite oxidation as compared 
to thorium sulphate, indium sulphate and uranyl sulphate. Uranyl sulphate 
produces a marked increase in the rate of nitrite oxidation even when 2*0 ml of 
M/10,000 of its solution is present in 50 ml culture medium, but in the case of 
indium sulphate, for the same increase greater amount of the substance (10 ml of 
M/10,000 in 50 ml culture medium) is required. 

It is also clear from the Tables that Nitrobacter agilis has less capacity to 
tolerate higher concentration of beryllium sulphate and auric chloride than it 
has for thorium sulphate, indium sulphate, uranyl sulphate and zirconium 
chloride. 

The order of the efficiency of rare- salts in increasing nitrite oxidation by 
Nitrobacter agilis may be put as follows : 

Uranyl sulphate > Thorium sulphate > Indium sulphate > Beryllium 
sulphate > Auric chloride > Zirconium chloride > Thallous sulphate. 

Thus, it appears that except thallous sulphate probably all the rare salts 
employed activate the enzyme system present in the cells as a result of which the 
nitrite oxidation capacity of bacterium increases, whereas thallous sulphate deacti- 
vates the enzyme system and therefore nitrite oxidation capacity of the bacterium 
decreases. 


^Nitrite 4- nitrate nitrogen has been estimated at the beginning and at the end of each 
experiment and it is found that it remains the same. There is no formation of ammonia which 
thereby shows that there is no loss of nitrogen during the conversion of nitrite to nitrate and that 
all the nitrite which disappears changes only to nitrate. 
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Abstract 

The effect of thalloiM solpliate, tndiutn jtHljjhfite, Urornim ssiiphate, bery H% ^ 
sulphate, auric chloride, urany! Hiljphale and xirmniutn rhloride on nitrite os^da. 
tion by Nitrolmcter agiiu in lii|Uid ctilture meditim, has hmi studifd. 
expcriiacnial results indiciUe that rxrrpt for thaJl nii lidphatc, the presence 
other salts in the culture medium upto a rrrt.un optttnum r»mremralit»R enhau^ 
the rate of nitrification. The prcsmecof ihallnu-s stdphale 'Uj ihr other hand fit 
the culture medium causes retardation in nitrification hy N!»roh.ictfr agiih. 
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Operational representations and Hypergeometric 
Functions of three variables 

By 

R. G. CHANDEL 

Department of Mathematics, S, A. Technological Institute, Vidisha (M.P.) 

[Received on 13th Juoe, 1967] 

Abstract 

The operational representations of the generalized AppelFs functions and 
other hypergeonaetric flinctions of three variables defined by Lauricella'^, Saran^»® 
and Srivastava^>®>^>^°, are given in the present paper. 

1. Introduction : Chak^ has used an operator { x^D } to define a class of 
polynomials : 

( 1 * 1 ) ( 5 ^ (^x) X ^ e^{x^Dy^ {e^^ x^}, 

mh 

and Al-Salam^ has used the operator 0 =a;+a:-D to derive the operational relations 
and some generating functions for known polynomials. Recently the particular 
case of (IT) viz* X=2 has been studied by Singh®, who has given the following 
formulae 

(1-2) = (a)n 


and 



where ^ r ^^'dx * 

All the results of Al-Salam’^ can be derived by the operator ft » .a;^ rf/ir 
only. Therefore there is no use of adding x in x^D as Al~Salam^ has added in 
his operator The generating functions for known polynomials and other 
relations, whiqh cannot be found easily by old methods, can be found out very 
easily by the operator ft. 

In each result given in § 2, the fact is kept in mind that the inverse of the 
differential operator is essentially an integral one in character. Without applying 
(1*3), to integrate a function n times, is tedious jdb. L^uricella® in the year 1893 
conjectured the existence of ten hypergeometric functions of three variables, in 
addition to F j and Fj) defined and studied by him. These ten functions 

viz, FE,Ff,F ,Fji, f'm, i?jV, Fp, Fr , Fs and Fj- have be^ defined by Saran’’. 
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Again Saran* has defined nine more hyp«f^(»me I ric fnnc»i«»ns n| three veriaWej 
dz- fi , , v’a , ’fi ,#■*,#«, f; , and , Srivasiava^'*.*.’® h.w ,i|^n defined thrw 

new and distinct hypergeometnc functiuns of three argimient* tk, ff 
mdfic' ’ *’ 


Now in the present paper, wc ihall give the operational representations of 
the above defined hyper tromciric fnnf tioiis of three veriahlrs, with the yn of 
the relations (1 *2) and 


2 . 
{ 2 * 1 ) 


A .it m * , niwl A iM 


Now coir^ckr 

( '+a )'“ ( r ' -'?)} 

which can be expanded in the fonu of 


OT=»o 1 \i^l/ M**o a ! \ 4l / «!So 




or 


V {- 1)”*'^ ” («i)m(<«a)n »»» I 

w,«Vo mrjiTpV'* (y,),,' ,y, l+p 

Applying (1-2) and (1*3!, we have 

E:_i^ (Oa)»+p (/^aln V* / V 

a;'^i “ 1 tn.tupmo ml b 1 pi (y,)w+,j^jp \ X / \xj \x / 
Hence 

(‘+ 1- 

“ Fr ^ «i, «3, p, ; y, , y,, Y, J ^ 


if 


^ 1< r. j *7 |< < < 1» then r+a ^ f. 
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Now operating on 
we get 


t ^^2-1 


1-.^ r“i 

yJ 


by the operator e 




,,^2-1 


“iJ /^IJ 02J ^3 J ^2 5 ^ > y> 

We also obtain the following results : 


X X XZ \ X 1 I XZ , 

z> r < < 1- 


y y ly 


I oFi(~ ; 73 ; A<f>) i^i(^i ; 7x ; R) { ^ (i } 

= ^ ^ ^ (®'l> ®jj ^2 5 7^5 72> 73 5 <V, ^C> xz)y 

\ X \ < r, \ xz \ < then r+4 ^ = 1. 

J oFii- ; Yi ; M) ( i+% ’ 7 ) 

X XZ\ 

= * — Pp ^ ^29 Pi 5 ^^29 ^2 9 jpj 

[ Ty 1 < r, I - 1 < 1,1—1 < / then ri = (1 - i) (i - /). 


o^i( - ; Y 3 ; ,a</>) iFi(«i ; ; .SI) 7^1 - «) } 

^a!pl^y2FK (Oj, 72, ^2. iSa, ^ 2 > Pi I yi> Y 2 , ; X, z, xz), 

\^]<r,\z\<s,\xz\<t then (1 - r) (1 - i) = /. 


(2-7) ,Fi( - ; 7i ; M) ( - ^ 2 , “2 5 - ; -^ ) 3Fi(<»» ; ^ 2 ; } 




h f f i xz 

j-( Ffi ( a„ «2, «l, Pl> - p2> Pi ; Yi, 72, 72 ; ^4:, y J 


where P 2 4" integer, and if 

1 1 < r, j -I < 1 , j — I < / then s ( I y/ r )“+/ (!-•?) =0 


(2-8) 2Fo\^<^i>-Pii~>--^)[^ + ^ 


■P. { 


Sly K x^i- 


izZ_ 

il 3 .Y 1-1 


>FJ «2> P^9 ^1 > a? 


[ S19 1 





- “ fli. ; ^5. V, ; I , ‘I . 1] , 

where ^| is mi m lEleger^ and if 

If!'-' |f| *' then r +4; ri. 



1'*" ■* ^'2 » ^.r' I ^ i, 

*,F ^ f 


( 2 - 9 ) 


if 


if 


(2-12) 


if 


-tiL 

^ » 




1^1 <r, 


< and 


(2*10) 

f 1+*^-^ 

-/ 33 , 

m 

iz’ 



\ 

w / 



l/'a 

Z] “ i 


y*- 

1 *JJ ®8> ‘'S* 

0 i, A 

if 

1^1 

< r, 

■l>l 

<s, 

|f|<Mi 

(2-11) 


n“A 

(1+ 

tV* i 

’ % 

m * • 


\ <» . 

/ 

« j 

1 



^ ■ < f, then r-fs a» 1^ anti r.^( j* j _ 

II. 

;c 5 |, 


*11 ^1 


“3 Ji 


0 ^ 


,7^-1 "s» ^3> J "^i* ■’'s* ^3* J *bt tly)* 


U 1 < 


*'' y "^- tlien 4(1 - 4 ) -f’ <( I »• i) -ws 0 . 




' A W. ; y, i 1« { (.,„ />. i V, , ' ) I 

‘ /I-i ^‘*‘’ **» ■>'»» Vs ; * 34 :, , f j 


UM<r,ir< 4 , 


< t then (s t-i-tf 4 rsL 


(2'13) ,f.(., ; r, : SI) .S..K (/„ j 
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- Pi («!, ^2, ag ; 02, 03 ; Vj, y.^, ; x, y, z) \ x \ < \, \y f < 1 

(2-14) (l+^) "(l + l) 


- I ,1,1 )\j\<Mi<^ 


(2-15) iFi(ai; 7i; ,11) (l + ^) | «3, 03'; Vg ; J )j- 




( “1, «2, «3 ; 01, 02, 03 ; '^i, t'2; *,t 

•?) 

I*I<1, irl 


ZJ 

Z 1 


-O) 

‘-0^ — ^ , 0, 


-<“il 




,2.16) (i+f) « 

„0i j^2 / 

(2-17) . ^ ^Fi(ai-7, ^Jl) | .^^^Vi(«3,0i;r2; j) 

= ( “i» ®2, “3 ; 01 ; Vj, 72 ; X, Y’'f) * *1 + l”f'i< ^ 

(2-18) iFi(a'i : 7i ; ,Sl) iFi(a3 ; 72 ; <») { zPii^a, "s ; '>'3 = j)} 

= i’&{''i, “2> «8 ; 01, 02 ; ■>'1, •>'2, ^^3 ; x,y,y) ' * 1 < 1, 


(2-19) 3 -^ 2^'i(0i, <^1 ; Vi ; SI) I ; V 2 

^2 i;®2 /* y JB \ 1 I 1 

= ' ^y~ i — ^7y ^2> "3 5 /^1» ^2 5 ’^2 > ^3 ^ ^ ^ I i~| 

(2-20) e~^ («i, 01 ; 7i ; ^) I 2fi( " 2 . 02 ; ^ 2 ; f-)} 

„02 V®: 


(a, ; fc f, 1 v„ V., f, f .f ) , u 1 < l.j 




5 I I ) 

^)} ,. 
,\z\>l. 


U i > 1. 


\y I > 1- 


I < i- 


1 , U < 1 . 
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where 

2 - 22 ) 

if 

(2-23) 

and 

(2*24) 




1. 


; y.i ; : I'l i^si) | .f" « '® (t - xsi 

I? It “V 

“ » y I ® % {«, ^3 ; Vi, Vj. Fa » *F* 

i *7 1 < r, I -U i <■ If, !,w ! < «, then r-j-^ -j I f-2yrji »• 1. 

■ If ./-./>■ :v. 

« ' / 






)l 


i ’JS 1 < r, 


I f 

T H j’W"'' ^ *^4"^ ^ I'i'lii 


where the operators in (2*23) and (2*24) are not commutative 
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Reactions between Chromium and Iron salts and Alkali 

By 

B. R. GUHA & B P. GYANI 
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[Received on 23rd March, 1966] 

Abstract 

The stoichiometry of these reactions in very dilate solutions has been studied. 
The results show that when the alkali is added to dilute solutions ofGr(N 03 ) 3 , 
CrCls or FeCls (0*05N or less), the anions are replaced progressively by hydroxyl. 
For example, one gets Gr(OH)Gl 2 , Gr(OH) 2 Gl and GrlOH)^. When these salts 
are added to excess dilute NaOH, one of course gets Gr(OH )3 or Fe(OH) 3 . Some 
deviation from exact stoichiometry is caused, perhaps by peptization of the 
chromium hydroxide by excess salt. The excess NaOH in these mixtures can be 
titrated exactly with dilute HGl. In the case of chromium the amount of the 
precipitate should be kept small, otherwise errors amounting to 3-5% are caused 
perhaps due to formation of Cr(OH)Gl 2 . 

Introduction 

We have studied the reactions between zinc and aluminium salts and alkali 
in earlier papers^ We found that exact stoichiometry in some cases was 
disturbed due to adsorption and formation of basic salts. Tiwari and Ghosh® 
have indicated the possibility of formation of Gr(^OH) 2 Gl and Gr(OH)Gl 2 in 
mixtures of GrGfs and NaOH studied conductometrically. We have indicated 
the formation of similar compounds in our study on hydrolysis of ferric chloride^. 
Much of the earlier work on mixtures of iron and chromium salts and alkali is 
concerned with the formation of colloidal hydroxides and the nature of particles 
e.g. those of Konche’^, Raikov^, Gustavson® Daruwalla and Nabar^®, Lodha,^^ 
Tiwari and Ghosh® and Ermolenko^-. 

Our previous experience as well as some references in the literature show 
that ferric hydroxide may be peptized by ferric and chromic salts and with acids 
including acetic.® When alkali is in the titration cell and these reagents are in 
the burette,, peptization will raise the right hand portion of the titration graph 
with the possibility of depressing the apparent salt requirement for the alkali. 

Experimental 

Stock solutions of analytical grades of Cr(N 03 ) 3 , GrGls, FeGl 3 , NaOH and 
HGl were prepared and carefully standardized by gravimetric and volumetric 
methods. Each of the salts was checked for excess acid and found satisfactory. 
Freshly prepared conductivity water was used throughout this work. The glass- 
ware was mostly pyrex or well weathered ordinary glass. Special care was taken 
to maintain the temperature of the thermostat constant to within + - 0*05° G. 
Other details will be found in our earlier works (op. cit.). 

The titrations were carried out in both directions at several dilutions of the 
reagents. The results are summarised in Tables I, II and III. The titration 
graphs giving more details are shown in Figs. 1 to 4. The data have been corrected 
lor progressive dilution. 
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1 AW R I 



Cell Burette 

Infl. foiind 


1. 

C)‘4586N ! 

l*07BN 

0*60 ml ! 

jro. Rri}. for Or.: Oil NO.L 0*57 . 


Cr(NOs)ft4 ml 

KaOH 

1 *70 ml 

Hrq. fnr Gi OH , 1*70 


*•}“ waicf 36 ml 




2. 

will cl 

do 

0*60 ml 

2r'G. Hrq, Siti- Gr ‘ *1 G NO,)„ 0*57 at 


76 ml 


l*7t) ml 

Krij, ff‘t GiiOH), "^1*701111 

3. 

di> ‘f watrr 

do 

0*f')?! ml 

20'T'; ilo 


156 ml 


1*673 ml 

4. 

i\n 2 ml 

do 

0*3<l ml 

20’’G Rrq. for Gr; Ol I k ( 1 . 284^1 


+ water 158 ml 


B B5 mi 

Mf»|. Bn CniUlGj 0*851 ml 

5. 

l*07aN NaOH 1 ml 0*45«r»N 0 IHI ml 

20''G K-q for GriCHii, o*57ib1 


-p water 19 nil 

C.r{NO., 

!., 2 *20 ml 

Req, foi G»:OHHXOn), 235ml 

6. 

do 1 ml watrr 

do 

B*(H> ml 

2(»'’G Hrq. for GrtOHs,” ' 0*57 ml 


79 ml 


2*2(1 ml 

Req for Gr-Oll) fNOA2*35 ml 

7. 

do 1 ml + water 

do 

0*55 ml 

20*^0 do' 


159 ml 


2-25 ml 


8. 

0*4586N Gr(NOj>)3 

1*077N 2*40 ml 

25 'G Hrq. for C;r(OII), 2*303 ml 


4 ml + 1-078N 

HCl 




NaOH 4 ml + 
water 72 ml 


9. 

do + water 152 ml 

do 

2*40 ml 25'’G 

do 


10. 

0*4586N Cr(N08)a 

2 ml + 1-078N 
NaOH4ml4- 
water 74 ml 

tJo 

3*125 ml 2.5’G 

Hrq. f(»r Cr(OH’;!i 

3*150 ml 

11. 

do + water 154 ml 

do 

3*150 ml 2.5 G 

Hrq. for Cr(OH 

3*150 ml 


TABLE II 
Reaciinns of (JrCln 


Cell Biarette Infl. fotiiid 


1. 0-590NCrCl3 1-07UN 0-33 ml 

2 ml + w. 18 ml NaOH MO ml 

2. 0-590N CrCla 0*535 0*73 ml 

2 ml + w. 78 ml NaOH 2*2o n»l 

3. 0*535NNaOH 0-590N M5 ml 

2 ml + w. 18 ml CrCla 1-75 ml 

4. 0-535NNaOH do I *80 ml 

2 ml + w. 78 ml 

5. 0*590NCrCl3 1*077N 1*02 ml 

2 ml + -SSSN HCl 

NaOH 4 ml + 
w. 34 ml 


R**m vtk» 


34”C 

lifCj 

for 

CiUHIiCls 

, 0*34 ml 



for 

CrtGHfe 

MO 

ml 

S5*'0 

Rff:|« 

fVir 

GrCGHiCls 

0*73 

ml 


Iirf|. 

fbr 

GfiOIDa 

2*20 

ml 

35'^'G 

IlfCL 


NaGrO» 

M7 

ml 


Umi. 

flir 

Gr(OH)8 

1*81 

ml 

3S'’G 

Erc|. 

for 

Gr(OH)a 

1*81 

ml 


NiiCj 

fik 

not ohserved due to 


high tliiiiticjrL 



S5®G 

lieq. 

1- 

256, 0-95, ( 

3*891 i 

md 


0*520 ml for Gr{OH)aCl, 
Or (OH) Gig, Cr(OH)8 and 
NaCrOy resp. 
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TABLE III 

Reactions of Ferric chloride 



Gell Burette 

Infl, found 


Remarks 


1 . 

1-021N Feds 2 ml I-07N 
+ w. 38 ml NaOH 

0 - 60 ml 

1- 90 ml 

30°G 

Req. for Fe(OH)Gl 2 
Req. for Fe(OHj 3 

0-63 ml 
1*91 ml 

2 , 

do + w. 78 ml 

do 

do 

do 

do 


3. 

do + w. 158 ml 

do 

do 

do 

do 


4. 

1-07N NaOH 

2 ml + w. 38 ml 

1-021N 2-125 ml 
FeCla 

do 

Req. for Fe(OH )3 

2-10 ml 

5. 

1-07N NaOH 

2 ml -f- w. 78 ml 

do 

do 

do 

do 


6 . 

do + w. 158 ml 

do 

do 

do 

do 


7. 

l- 021 NFeCl 3 

1-077N 

2*00 ml 

do 

Req. for Fe(OH )3 

2-025 ml 


1 ml + 1-07N 
NaOH 3 ml + 
w. 16 ml 

HGl 

3*00 ml 

do 

.Req. for all NaOH 

2-98 ml 

8 . 

do 4 do + w. 

100 ml 

do 

do 

do 

do 


DiscussioB 







_ WhenNaOH is added to_ solutions of Cr(N 03 ) 3 , CrCls or FeClg there is a 
fall in conductivity.^ This fall is not as strong as it should be if hydrogen ions 
coming from the acid liberated by hydrolysis were being removed. As the initial 
dilution of the salt is increased the initial slope becomes steeper because the fraction 
of salt removed by precipitation by the same amount of alkali delivered increases, 
Figs, la, 3a and 4^. 

The initial fall is followed by a break at about onethird of the alkali required 
for the normal hydroxide, indicating the formation of Cr(OH) (NOgls, Gr(OH)Cl 2 
and Fe(OH)Cl 2 . The conductivity then increases slightly in case of chromiuni 
salts (and ferric chloride only when the initial concentration is not too low. Curve 1, 
Fig. 4a). With dilute ferric chloride the break is followed by a loop with progres- 
sive fall in conductivity. In all cases this portion of the graph ends with a break 
at one equivalent alkali added for an equivalent of salt, indicating the formation 
of normal hydroxides, Gr(OH )3 or Fe(OH) 3 . The stoichiometry is exact. The 
conductivity then increases rapidly due to hydroxyl ions. We presume that the 
middle portion of these graphs is due to progressive formation of Cr(OH )2 NO 3 , 
Gr(OH )2 G1 and Fe(OH )2 Gl. One should expect that these particles should be 
less conducting than the corresponding monohydroxy compounds unless the latter 
arc more hydrated. It is significant that the increase in conductivity is larger 
when CrCls is taken in place of Gr(N 03 ) 3 . Nitrates as a rule show reluctance 
towards hydration. 

The quantitative results stated above regarding formation of particles like 
Cr(OH)Gl 2 and Gr(OH 2 ) receive further confirmation from the visual observa- 
tion that in the direct titration of chromium salts the precipitate did not appear 
till one equivalent of alkali had been added. In the case of ferric chloride the 
dark brown precipitate appeared with the first drop of alkali. It seems that these 
l^asic salts of chromium are soluble but those of iron are not. 
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In the revfrsc titration* /.tlkali in th« cell ; llw only sharp hrr jfc corremdixt 
to formation of thf norinil hytlro»itlp*. Aftrr this brr.ik thr inrrfaw ' 


tivity is so large that the posaihility of ilctectiiK the stages like qj 

remote. In these titrations sve note that the sjojehiomrtry of the 
fcfOHla I* esict Imt that eorrespondinit loOr t)H), is not. T|ip e,hroi^° 
requirement is somrwiiaf less lh.»n the i ;jkuL*ied value, T.i hies I and If, ^ 
may think that a small tpianlity of alkali is .uls-.rhri! hy thr fVrddy precbitiW 
Cr{OH)a. so that the right haml jwrtioin of the titration Kraph'* (Figs, li 
raised, depressing the appiurnt rhronnum leKpnrrmrtu, The peptbatlon } 
unlikely to Iw preceded by the formation of Crft iff ijCJI, slnre that would 
the chrotnittm requirement a little. ** 

When mix{ure.s of there salts ami alkali air Uack titrated with HOI tl» 
result is again very satisfactory with ferrir » tdorhlr, iind the Fe/OHl. 
accurately determined fTahIr 111, Nos. 7 IF. hut with chromium $-m 

L?” 'J*!:*^?**- that\ «* 

CrfOHla or C.rfOH).j NO, »s Irmned. I-rer HC.l or lINfl., *md the .corw. 
ponding salts |NaCl or NaNOj,) ate necessary lor the formation of ihc«? comp m^., 

The Cr01s“NaOH and CriNOjili-N.iOH mixtiirrs give an initial break w^* 
titrated with HCl. It correspond* neatly to cor stiiuption of alkali one. third over 
and above that requiird for the normal hydrosMle This siyi,i},rs the fornadon 
of compounds like N’iiCr{OH <, i.«. KaOrOj. This break is not observed vdtk 
ferric chloride. We have reported the form.ition of NaAlOj in a previous pap^ 
One might €.spect to hnd *uch breaks in the rlirect li»r.itkm of tdiromiums^ 
with alkali. Actually, the conductivity of the misiure at the .stage where tk® 
breaks should be expected in these direct lilralion is already so high that th« 
would be hard to locate. ' 
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The thermal and photo chemical oxidation of alcohols 
by Potassium Dichromate 

Part III The photo chemical oxidation of ethylene glycol 

By 

V. SRINIVASAN* 

Physical Chemistry Laboratories, Jaiavpur University, Calcutta-32 
[Received on 13th June, 1967] 

Abstract 

The photo chemical oxidation of ethylene glycol by potassium dichromate 
has been studied at two pH values. The initial velocity varies linearly with the 
alcohol and acid chromate ion concentration and also with the intensity of light. 
The second order constants show very little variation with acid concentration in 
this range. The influence of cerous ion on the oxidation has also been examined 
and implicates tetravalent chromium species in the rate determining step. 


In part I* and IP of this series, the thermal oxidations of some alcohols and 
the photo chemical oxidation of ethyl alcohol respectively were reported. This 
paper presents the extension of the photo chemical studies to ethylene glycol. 

The experimental techniques have been described elsewhere.^ The studies 
were made at pH 4*0 and 4*76 using sodium acetate-acetic acid buffers. Tem- 
perature was kept constant at 35 ±0* PC and an ionic strength of OT 1 was also 
maintained. 

Results 

The initial velocity expressed as the rate of disappearance of Gr (VI) was 
found to increase linearly with the concentration of ethylene glycol and the acid 



Fig. 1. 

^Presint address : Department of Chemistry, Kurukshetra University, Kurukshetra. 
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Chromate ion (Pigs* 1 and 2). The calculation of the acid chromate ion Conceii- 
tration at various concentrations of hexavalent chromium has been described 
elsewhere.^ As in the case of ethyl alcohol, at constant acid concentration the rate 
data were found to fit into the expression. 

Z + In Z = ~ t + G (I) 

where Z = (1 + 8 Cr6+)^- 1 

The values of the pseudo first order rate constant, k^, were obtained graphically 
from plots of Z -j- In Z versus time. When the reciprocals of these values of k^ 
were plotted against the reciprocal of the respective concentrations of ethylene 
gl^ol^ a linear dependence was observed (Fig. 3). This is reminiscent of the 
behaviour of ethyl alcohol. However, there was no intercept* The value of 
the second order rate constant, kg, given by the reciprocal of the slope of such plots 
were found to be 1*90 x and 1*75 x 10'^ l.mole-^ min"i at pH 4-0 and 4*76 
respectively. ^ 

. . , velocity was also found to vary linearly with the intensity of 

incident light. The data are given in Table 1. 

TABLE 1 

Variation of velocity with light intensity 
10^ X Intensity 10® x Initial velocity Quantum Yield 

2-19 16*32 0-74 

1-83 13*98 0-76 

1*26 9-48 0-75 

Ethylene glycol == 5*70M ; Gr®+ = 0*0398 M ; pH = 4*0 
Units : Intensity = Einsteins /litre/min ; Velocity = Moles/litre/min 
Quantum Yield = Moles/Einstein 

The influence of cerous ion on the photo chemical oxidation was also 
examined. The cerous ion was found to retard the rate of oxidation at much lower 
concentrations than that required for the corresponding dark reaction. The ratio 
of initial velocities in presence and absence of cerous ion decreased in an asymp- 
totic manner with increase in cerous ion concentration. The lowest value observ- 
ed was 0*44 and further increase of cerous ion concentration did not result in any 
significant increase in retardation of the rate. In other words the velocity is 
slightly more than halved in presence of optimum amounts of cerous ion. The 
relevant data can be found in Table 2. 

TABLE 2 


Influence of Cerous ion on the rate of oxidation 


10^ X Cerous ion Concn. Moles 

V/Vo 

Nil 

1-00 

1-00 

0-70 

1-50 

0-60 

2-25 

0-54 

3-00 

0-49 

3*50 

0-47 

4-75 

0*44 


Ethylene glycol = 5*70 M ; Cr®+ = 0*0398 M ; pH = 4*0 
Intensity = 2*19 x 10“® Einsteins/litre/min 
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&|gcnsslon 

The liaear dependence of llic iaitia! vrlncily on the arid chmnitte ion and 
the validity of the expression ( 1 ; both serve to underline the specific dependence 
of the reaction on the arid chromate ion . This is a characterrstk of the estet 
mechanism propos’d by Wesfh iincr an 1 Movirk’ for slsc oxidation of isopropyl 
alcohol. The linear dcpcmiencc of the vrlority on the ronrmlriitbii of ethyls 
glycol as well as Klanning’s dcmonitration* of the raisimrc ofa 1; 1 compfec 
between an alcohol and an acid r.liromate ion sttpporl* this « onrlti'iion. The fjl 
complex is likely to be an ester aidon fh a exi iiaiion of ibis pnrtir.le itdtiatcs A® 
phot© chemical process is indicated by the very small v.iri.aion of the lecond atdtt 
rate oondant, wiicn going over from p5J 4 0 to 4*7»i. 

The observed linear dependenre on light in!'’nsi!y prcclndcs a cks% 
mechanism and suggests that the reaction is a one ipianttim pforess. The retard* 
ing influence of cerous ion cl -arly implicates a letravalent chromium specif li 
the rate deteitnint^ •ten. As the rate is nr.iriy halved it would apj»ear that em® 
molecule of chromium (Vl j disappears before the rate drirrinining step and tss® 
after that. In all these features the photo chem)C 4 d oaubitioti of ethylene glycol 
closely parallels that of ethyl alcolu 1 ft^mrtrd earlier. An .uldilional interestmg 
feature IS that as in the thermal oxidations only one hydroxyl groiiji appears to 
get oxidized. As a plot of 1/k, against 1/ fcthylenc glycol concentration j Is linear 
over an eight fold variation, it appears that nriiher water nor ethylene glycol a 
a likely agent for the deactivation of the excited ester anions. 
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Isolation and Investigations on the Alkaloid from 
the Root of Delphinium denudatum Wall. 

By 

S. P. TANDON & K. P. TIWARI 
Deparimeni of Chemistrj^ University of Allahabad^ Allahabad 
[Received on 25th September, 1967] 

Abstract 

A diterpenoid alkaloid, H 39 NO^, has been isolated from the root oi 
Delphinium denudatum Wall. The alkaloid has been found to contain two hydroxyl, 
one acetyl, two methoxyl and one >N-GH 2 GH 3 groups. On the basis of some 
chemical, analytical and spectroscopic results and analogy with some known 
structures of other alkaloids isolated from the plants of the genus, Delphinium, 
a tentative structure has been assigned to it. 


Delphinium denudatum Wall. [Hindi : Nirbisi, N. O. Ranunculaceae) is a 
small plant found in the Himalayas from Kashmir to Kumaon at a height of 
8000-12000 ft. The root of this plant is bitter ; it cures ‘Kapha’, ‘Vata’, 
diseases of blood, snake-bite, headache and scorpion- sting^. 

A fairly large number of closely related monobasic alkaloids have been 
isolated from this genus. On account of their high toxicity these alkaloids have 
been studied intensively. But, inspite of their intrinsic interest and the fact that 
the raw material is often available in abundance, a satisfactory elucidation of the 
structures has not so far been possible due to the considerable practical diflficulties 
attending the investigations. However, it has now been made clear that these 
alkaloids are derived from complex polyhydric amino alcohols, probably^ based on 
the formula, Ci 9 H 28 NH, and thus, they are related, formally at least, to diterpenes^. 
Recently, the application of some physico -organic technioues, such as X-ray 
crystallography and infrared and nuclear magnetic resonance spectroscopy, along 
with oxidation studies have enabled the chemists to assign tentative structures to 
many of these bases. But, inspite of good amount of investigations directed to the 
study of Delphinium alkaloids, not much head- way could be possible in regard to 
the establishment of the structures. The structural study of these still invites the 
attention of chemists. In view of the need and importance for such a study, the 
investigations on the chemical study of the root of Delphinium denudatum were 
undertaken and the results are reported in the present paper. 

Procedure and Results 

Isolation of the alkaloid : 4 Kg. of the dried and powdered root were extracted 
with petroleum ether (40-60°) in a Soxhlct. The extract was kept overnight when 
a white crystalline solid mass settled down at the bottom of the flask. The white 
mass was filtered out and washed several times with cold petroleum ether. It was 
re crystallised from chloroform-petroleum ether when fine . star- shaped crystals 
(Yield T60 gm) melting at 15/-“158°C were obtained. This compound gave 
positive tests for alkaloids. 
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Found 

G -66*73%, 11 = 8*76 ’4, 
N=3'4i% (Dumas, method < 
Mol. wt. s 442*5 


CAlfulat^d for Cjs H,j, b, N 

66*8%, ife,.j5.ggv 

Mill. S*‘|.s.44g 


(Semi-micro R.'ist t 
t"F’'£)®“+26’5 ^in CliCla’! 

Thus, the molecular formula of the fow aimp^i* t.i « . 
yielded a pmratc, m. p. 19!>-20(rG. .mul a diacriair! If; f} Ml It 

e/ -AfiVreirn mm of th alkaNil ' *1 hr niu •* * ’ *•*»•!>• I31-.1320q 

Kjrldahlyuethod and it is therefore takrrfto 1, jur by 

tmiimmiofthr b.rse g.vieihvnM 1 

of a N-CIf^GHji group. This was nho tttdieaied hv 'i iri* ! * Ac pr«ttw 

7 cpg rn the N. M. R.. gpeetrum of i|i»- foisp. * f’ *”* ohmrption pej^ 

of the Oxj’gm ahmx iho Maloitl I TUo ‘/ pU^i t *. 

alWl groups showed the presence of two tneliioVy! Mr u« r* 

N. M. R. spectrum of the h,w has two sinirlrt ihsorVo.^f * * . “ * The 
cps characteristic of -OCH, groups. 11,e aim 


r- — W gltltlfli* Tfia lihlfy Itf *#■ ts T. 

^s are indicative of the presence, respectively, rd CTr bf'ir JAM 

OOHs type structures. The absorption peaks it 1460 iHi ^C-GH, 

infrared spectrum of the base furtiLcm^mth; >re^r;r!;trltlSl"'" 

Wiesenberger’s method-i of estimatirm indie rreo ,t ”**^‘*‘»*yl groups. 

group in the base. This k sufiported hv thr aruirirtn#- of one acetyi 

124 and 291 cps hi the N. M. ^ JictVuW^^E^ P^aks at 

Infrared Sect'Sm tt 

™.h SSI;“ r "■ - pv««» 

primary alcoholic group. i n «hr ab'scncc ofaT 

r «it{ 

gr««iw i» Phenr i :! fii V^roxyl (-OH^ 

>•>“* "t Icm «nr V.l*. I*?!, “‘1 15?™ ' io tile I,£ 


S'h.TokcT“ *'■« «“«»■ .^Vittri',;" ,S‘, ‘“o' S,““ ' 

05 . 0..^ .■•1.5 L.,^-is.s’rpS; 

wo meth’i^S sroZ,'“t? in7KMteX«n«T‘ir“"’ I"'"”' “ 

groups, one secondary and the other te/thfry ^ ^woas alcoholic 

^ctrura indi^tes t^^h^base^is peak for unsaturation in the I.R 

Knowing the nature and !- hexaVi: 

iiumis iiiicl the liiiicttoual groups, 

feH"rwV^cH^^^“^«“«hereprcwnted*isf’ ii /tr,t ^ 

(NCH,0H,), Wlaoh toaicate. .1,0 p„Lc.r. S(fl); 
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The ^ ^ ^ phenanthrene was obtained, 

xne presence of a G(19) skeleton and the formation of phenanthrene hydrocarbon on 
dehydrogenation suggests that the base, like other Delphinium XToid has a 
itS'C'iir," •’■“f “>-6“ i» »ol“c“Te tottr 



be espIainSiS'the positions ofthe'two’’ OH >i'bj Irogenation can only 

positions ot the two -OH groups are assumed as shown below : 




While this much of the study had been done, a paner by Pelletier and 
coworkers appeared on the partial structure of ‘condelphine’. The description 

fsolTt^/ alkaloid was nearly the same as that of the alkaloid 
isolated by the authors. At our request. Dr. Pelletier kindly provided us with 

tb^n isolated by him and it is now concluded by mixed melting 

!^iu lA-i^- 1 chromatography and superimposable I. R. spectra that the 

Sultil'whiVh Dr ^?n authors is identical with condelphine. The probabk 
Sven bdow • ^ ^ Pelletier and coworkers have suggested for condelphine is 
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The N. M. R. and I. R. data and other studies matle by the authors and 
discusied above also lend support to the same probable structure for the alialoid. 
The degradative study of the alkaloid for confirming the structure is in pr(^rc88. 
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CheixiicAl Examination of the Root of Butea tnonosperina 

By 

S. P. TANDON, K. P. TIWARI & V. K. SAXENA 
Department of Chemistry, University of Allahabad, Allahabad : 

[Received on 29th April, 1967J 

Abstract 

The root of Butea monosperma {Hindi : Dhak, Palas, N. O.— Leguminoseae) 
has been shown to contain glucose, glycine, a glycoside and an aromatic hydroxy 
compound. ^ 


Butea monosperma}*^ zxilrxdiTin indigenous plant and occurs widely in the 
greater parts of India and Burma upto a height of 3000 feet. The root cures 
night blindness and other defects of sight and is useful in elephantiasis. It is also 
reported to make a woman sterile temporarily. 

Experimental 

About 10 kgs of defatted roots of Butea monosperma were exhaustively extracted 
with ethanol. The ethanolic extract was concentrated to half of its volume and 
kept overnight. A very small amount of orange yellow deposit settled at the 
bottom of the flask which was separated. This could not be studied because the 
amount obtained was very small and could not be purified. 

The solvent from the ethanolic filtrate was removed by distilling it off and 
the concentrated filtrate was then transferred to a dish and kept on a water bath. 
A sticky mass was obtained which was then extreted with warm water. The 
residue (A) and the aqueous extract (B) were studied separately. 

To the aqueous extract (B) a saturated solution of lead acetate was added 
when a precipitate (lead* lake) appeared. The precipitate was filtered on a Buchner 
funnel and dried in an oven at 105-1 lO^G. 

Examination of the precipitate {Lead-lake) : The deried and powdered lake was 
suspended in alcohol, dry hydrogen sulphide gas was passed into it and the 
precipitate filtered. Hydrogen sulphide from filtrate was removed by boiling. 
The filtrate was then concentrated on a water bath at 70-80^0, when a sticky 
residue was obtained. This residue gave positive tests for glycoside. 

Study of the glycoside : The glycoside was hydrolysed by heating it with 50 ml 
of 2N--HG1 over a steam bath for about 4 hours. The contents were diluted with 
distilled water when a precipitate was obtained. The precipitate (aglyconc) was 
filteredrand washed with distilled water. 

The filtrate gave a positive test for reducing sugar, and on examination by 
paper and thin layer chromatography showed the presence of glucose. 

The aglycone did not give the test for nitrogen, sulphur or phosphorus but 
showed the presence of phenolic and ketonic groups. It gave orange red colour 
with concentrated sulphuric acid, purple colour with aqueous NaOH, olive 
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brown colour with alcoholic FeCIi and no colotir wilh ami HGI. Further 
study of the aglycone is in progress. 

Examination of the fiiirale 

The filtrate from the lead* lake was esaminetl for the presrnc.- of free amino 
acids and sugars. A qualitative sludv of amino ,witH and sugars vvai done by 
paper and thin layer chromatography 

(i) Examination of free sugars : Two strips (12'* *, 2“’) of W halrnan No. 1 paper 
were cut and one spot of the filtrate was placed on e.ich sfrjp. The chromato- 
grams were developed by aseentling tcclmiqur in two dilferent srdvmts. 

(a) n-hutanol : acetic acid : water pi i I : 5) an«l 

(A) n-hutanol : ethanol : water : aJiunonia : % : Ifi : 1 

After development the chromatograms were sprayed svith aniline hydrogen ' 
phthalate when a single spot was obtained, the Rp value ctf stigar relaiiftg to the 
above spot was measured and compared with that given in the literature.-''** 

Solvents 


»-Butaml 

40% 

•b) fi 

45% 

Acetic aciil 

lrt% 

KiIuiih*! 


Water 

50% 

\W%tr r 

49%. 

1*'., , 

Rp found 

R|> given for 
giuense 

ill* Iffiitiil 

Rf given for 
glucose 

0-18 

o-i« 

IV' III 

OM05 


The sugar spot appeared to correspond to glueog’. This wm «bo confirmed 
by running a chromatogram having unknown ntgar spot together with a spot 
of the authentic d(d-) - glucose. After dcvebptneiii .uul subsetpicnt spray, the 
sugar spot was found to t>e identical with ih.u of the autheiuu: dH ) “ glucose. 
The presence of this sugar was also confirmed hy thin layer chromatography. 
The sugar spot along with the reference spots of glucose, fructtjse, xylose and 
galactose were applied on silica gel t! pl.iles bullered with boric acid. The 
solvent system used was B-btitanol ; accione ; water i4 : h : I . 1 he pl.ite was 

sprayed with freddy prepared anisaUlchyde sulpliurie .u id re.igent (95 ml 95% 
ethanol, 5 ml concentratt d SO, and (n.5 ml anir-.v!dehyde) and heat* d at 90- 
100°C. The Sugar spot was found to correspond with the ipot of d(-i j -• glucose. 

(ii) Examination of free amino atids : About 50 ml of ihe lead -lake fitir,’ttc were 
centrifuged and then decanted. The clear solution w;»« chrom.ilograph> d on 
Whatman No. 1 filter paper by using ».»butanol : acetic acid ; water * i : 1 ; .5 v/v)as 
solvent and ninhydiin in acetone aa spray ic.igent. The. chjum.itogi.iphic analpis 
revealed the presence of glycine. The presence of glycine was .also confirmed by 
running a chromatogram having spots of th- ohiiis.n tog. titer with a spot of 
authentic sample of glycine. 

Examination of the Residue (d) 

The ethanolic residue left after extraction with water svas rrllnxed witit metha- 
nol, and the methanol soluble fraction was s-parated. This was rrcrysi.ii!iscd from 
small quantities of methanol for several times when :t browti colouretl amorphous 
compound, m.p, 205°Cy was obtained. This compound w.t8 fmmti to be .irornatic 
and it contained neither N,P,,S, nor halogens. It did m»t contain carboxylic or 
phenolic groups. It decolourised KMnO« solution but not bromine water and gave 


[ 2?8 J 



silver mirror with Tollens reagent. It was insoluble in benzene, ethylacetate, 
acetone, ether, chloroform but soluble in methanol and ethanol. 


Found 
G = 66% 

H = 7-65% 
O = 26-35% 
Mol. wt. 


Calculated for Cm Oa,03 
C - 65-99% 

H = 7-7 % 

0= 26-31% 

MoL wt. 


172*8 (Semi-micro. Rast) 182 

The compound was submitted to I. R. analysis* Peaks appeared at 
3400 cm‘^, 2940 cm’^, 1650 cm"^, 1450, 1375 cm"^ indicating the presence of -OH, 


GH3 


-OCHc, substituted phenyl ring and - CH groups. 


Further study of the compound is in progress. 
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Hie confluent Hypergeometric function* of three mriables 

By 

CJ. K. DHAWAN 

Diparimmt of Mmlmm AiaA ('aihgt nf ’foehmlagy, 

iihipai (M, I*. i Mia 
|lt«civ«dMH ?0ih y«f. 1%?} 

Abstract 

Recrntly R. N. Jain has clcfmrtl thirty-right r.nnrttieni hyperffeometric 
functions of three viiriablo hy confluence frojii I-uirkrlht and .Saran's functions. 
In tliis paper five more such functiom have hern defined atid ifieir proijerties have 
been studied. 

1. IntrodoctloD 

This paper is devoted to the study of ecrt iin new functions which may be 
regarded as limiting cases of "Ilypcrgeotu ifie. functions of three variables” 
discovered by H. M. Srivasuava* and R. C. Pandrv* and thus adding five more 
functions to the list already di«Govered by R, N. Jain”. 

Iherc are five new hypergeometric functions of three vari ihlrs besides four- 
teen which arc already given by laiuriceiia and Haran, If we use the usual 
notation (a, n) = a (a + 1) (aJ » - * ’ i i*h «) 1 

where a is arbitrary and n a positive integer, then these five functions are as 
follows : 

(M) P> 


m.iT.iiiaoCltffl) (1 > «) (1, pi Cy, fwi y*, ’ 

converges absolutely when | * 1 < f, 1^ i < .t, I r ! « ‘ t such that r \ rj-f 

P> (Pi I'at Va; J'. z) 


“ .55‘^+P) (fi, m+n5 (/?',n4'p)) 

m,»,fino (1, m) (1, n) (I, p) (y„ m) (y.^, m (yj,, pi ^ * 

converges absolutely when {* 1 <r, jj* ! <t;, U I < t such that rfr 1 

(1*3) Hq {«, ;x,y,Z) 

« % il>f±P)JpK^±'*lP:j»-^PL 
OT,»,j)=*o (i> w) (i» tt) (i» p) (y» »i4’t*-i‘P‘) > 
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where for convergence, | a; 1 < 1, ] < Ij and J 4 : ] < U 

(1*4) Gj^ ( a, ^ 1 , ^ 2 > Pi I "yi '^9 y 9 ^9 J^9 z) 

% (g. n+j> -m) (ffi, m+^) (^ 2 > ”) 

n»,n,i)=o ( 1 , »») ( 1 . «)( 1 . /')(■>'»«+/’ -«) ’ 

where for convergence, j * 1 < 1, 1^ 1 < Ij 1 ^ I < 1. 

( a’ ®> 015 025 035 5 y 5 *^5*^5 ^9 ^9 Z) 


(1-5) 


== % ( a.«+/>-m) 01 , m) n) 

m,nsP^o (1,^) (l5«) (I5 />) U, ' 


where for convergence I ^ | < 1> | 1 < 1, ] ^ 1 < 1. 

2. Formation of the confluent Hyper geometric series. 

The confluent hypergeometric functions of three variables may be formed by 
confluence from Srivastava’s and Pandey’s functions in the following way : 

In Srivastava’s function Hj^ defined by (1*1)> change y to ^to and 

making 0'r> oo. We obtain the function 

(1) 

(2*1) 0 ; 7 , 7 ' ; x,y, z) 

= V (■"> >”+/) >”+») ;,«yn^P. 

m,n,p=Q (1, m) (1, n) (!,/>) (y,m) ( 7 ', n+p) 

Taking next the functions (1*2)— (T5) and applying to them a similar 
process, we obtain four more new functions, namely 

(1) 

( 2 * 2 ) («5 0 ; 'i'l, ^25 ys ; z) 


(2*3) 


(2-4) 


CO 

= 2 


(g, m-\-p) O, OT+r>) 


tn,n,p=o (1» Tn) (1, n) (1, p) (Vu B*) *) (yst P) 

.1 




sGa ( o ’ “> Pi> hiy y> y ; x,y, z) 

{a, n-\-p'-m) (^1, »n+/») 


(1,ot)(1, b) (1,/) (7, n+p-m) 

P) 1 1 

s^A ( o’ “> ^ 2 ; 7 ’ Y, 7 ; x,y, z) 


xmyn;^^ 


^ % «) 

m,n,jps:o ( 1 ; m) (I, n) ( 1 , p) ( 7 , n+p -m)* ^ ’ 
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(2-5) 


» » 

( a ®»*» Pit Pa 5 S* « *• Jt 

= S K >r4 /^ -m', ?/?,. ni 

m,H,|»=o (1, >n) f i, n) |,j, p) nip m 

3. Relations between fMOctionw 


% ? 




The five confluents funrtiniis tvhirh wr ionr .Icfinr.! i... i 
may also be represented by pfnvcr series in s, ;, ,.r ,is br!.»w ; * 


soring . 


.in 


(S-‘) .H'a (". f > ; •■, V; », ». .... ., , ,„ , , 

w,k9. I -I m ) f + V ; ji, 


* ill. s| 

na«(lj m) y, 


"" 4o 't, (, «4'/b n v'+jfj.jr.ji) 

Similar formuhte can l>e written for the other rwiflnrm functions, 

4. Intogr&i representations 

[a) Eulmm Tjpe. From the deJinition or/Zj* , we b.n r. 

(it «,<^,fiuPu I , t J'b f b’o wl „ A f« , 

»»®o n, mj ( ‘ *» i'« w, rnd 

using the integral* 


4>.(s P ,y;x,y) 


r(T} 


j: 


f(«)r(7 rtiJj, ’ (I {I uxsHe*>'MJu 

\Hl,'f) . }(l\n} > ()j 


X )» 


F 


du 


wc find that 

p(j) _ r(y) 03 pt 

- P(a) f(y-«) rl-0 J ^ ‘ ^ t ''*» i 

Now if we take ] r ] < /», j j | < p> 

..... * I ^ J’ * . ..• 

a{l'Hy»)l ^ (>* !* ' 1" ' !• 

of ^'*"^™“tionVn7in^ g3n «nd order 

(4-1) 3G^ 

Rpy) > /?(«) > 0, > 0 and P+ p' < I ( j ^ I j . , 
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where for convergence, | a; ! < 1 , Ij’ 1 < Ij and J^: ] < 1 . 

(1'4) “» jSi, jSa, iSi ; V, y ; x, y, z) 


<% (S n+p - m) (ffi, m+/>) «). 

OT,n,i)-0 (1, m) (1, n)(l, (y, «+/ -m) ’ 

where for convergence, ] ac | < 1 , ] j 1 < 1 > 1 ^ J < 1 . 


(1-5) 


Gij ( o’ *’ ^ 1 ’ ^3’ ’ y ’ z) 

= “ (g, - m) ffi, ffl) (^ 2 , n) (gg, />) „ 

m.n,p=o (I,?n) (l,n) (1, />) (7, «+/>-ot) ’ 


where for convergence I Af | < 1, jj’ | < 1, ] 4 : 1 < !• 

2m Formation of the confluent Hypergeometric series. 

The confluent hypergeometric functions of three variables may be formed by 
confluence from Srivastava’s and Pandey’s functions in the following way : 

In Srivastava’s function defined by (1*1), change y to Zto~, and 

making co. We obtain the function 

(1) 

(2-1) sH^ia, ^ ;y,y' ; X,y,z) 

- y (g, m+p) (fi, m+n) 

~m,lp=o (1, m) (1, n) (1, p) ( 7 , m) ( 7 ', n+p) ' 

Taking next the functions (1’2) — (T5) and applying to them a similar 
process, we obtain four more new functions, namely 

0) 

(2-2) («> /8 ; 7i, 72, 7s ; x,y, z) 


(2-3) 


(2-4) 


_ rn-rp) 

(i> (1> P) (^15 (^2> P) 

(]) , 1 

3^,^ (a’ Pily y> y I z) 

,,i,p =0 (1,ot)( 1, «) (l,/>) ( 7 , «+/>- ffj) ’ 

(3) 1 1 

sG^ (o’ 7 ’ y *» j*. z) 




m 


CO 


m 


V (g, «+/>-»») (ff2>«) „ P 

,w,13=o (Ij m) (I, n) (1, p) (y, n+p - m) ’ 
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(2-5) 


( 1 ) - X 

sGb Ot «, j 82 ; a «) 

_ % (or, n) ,» 

m,n,j)=o (1> m) (1, n) (1, p) (V, ~?n) 

3. Relations between functions 

The five confluents functions which we have defined by triple power series 
may also be represented by power series in at, j or ^ as below : 

(3-1) .h"] (.. P y'; c) = 

^ {0 n) 

“ nloCraV'T")' 

“ 4o 

Similar formulae can be written for the other confluent functions* 

4. Integral representations 

(a) Eulerian Type, From the definition of^G^^ , we have 

.o"l ( i . ....ft, ft; I , v.7;.v. ^)= A+.»; y-,n-.„) 

using the integral® 

If? ) 

#.(«, 13 >y;x,y}= J „ «"•’ il-ux)-l3 euvdu 

[Rl{y) lU{a) > 0 ] 

we find that 

■«“ - f^, 1 /; (■-) 0-..)-^. }”• 

Now if we take 1 a: J < p, ] j; | < p' 


u{\r-^uy) 


^ P'Sp I < i f'+^' < 1- 


of summation and1ntegS^caS*^SforcTe^cv^ 


(4-1) 3G? = r “+/ei-l , _s 




> i?(a) > 0, > 0 and P + P^ < 1 ( 1 ;« ] < p, I < p/). 
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Similarly we can prove 


( 4 - 2 ) 

(2) ^ J 

(a> “» “» iSa ; y, 7, 

y ; x>. 


r(«)r(7-«)Jo ■ 

a-uf' 

where 

Iil(7) > F(a) > 0, j a; 1 < 1. 


( 4 - 3 ) 

(1) ^ 

3^5 ( ^ s ®j “j i^i, P 2 I Y > 

r>Y;i 


__ r(y) ri a+s,-i 

r(«)r(7-«)Jo 

jy-«-l 

where 

f/(7) > jf(a) > 0, ii:/(«+/3i) > 0 , 

I^cl < 


(b) Pochhammaf s double loop type. From the definition of , we get 

A 

(S ^ ; r, 7'; 

using the integral 

7,7i; x,y) = J (_f)-P(^_i)''’i 2Fi(P,je;7; f) x 

^i?i] ^ ^ ^ I’ ^ i "/J ^ ! along the contour. [The contour of integration 

IS a Pochhammar’s double loop .type (1+. 0+, 1 - , 0 -) and etc ; have their 
principal values], we get , • 


M - r(P) r(Pj r(2-P-Pi) 
A 


J (-0 rd-l) Pi ^■’i(P,a+^; rl). iF,(Pj; 7'+/;^ ) 

V V (^) .« J, 


fi) 

X ^ n~ ^17v^ 

^=0 (1, (y , />) 

Since the series for p is absolutely convergent for 1 ^ 1 > [ a; | , ] 1-^ | > ] j; ( , 

1 ^ I < 1, the change in the order of integration and summation is permissible and 
we have ■ 


( 4 - 4 ) J 

where J^ 1 >[a ;]5 11-^]> IS = P+/^i — 1 along the contour 

and for definition of 3 <i>p <2)^ see^ 

Similarly, we obtain, . * . , . 

0) 

(4*5) K i8 ; Ti 72, Ts ; -c) . : . . 

= J (rt}f (t-1) iFi^ Pi ; 72; i-^) f, 
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where | / ) > J ^ J ? 1 1-0 > U 1 5 1 ^ 1 “ P+Pi-1, along the contour. 

(1) 

(c) Mellin-Barne^ s type* From the definition of , we have 

s^y («, ; Vi, y. 2 , Vs; X,J, z) = ~(1, j) "(^ 3 , p) ®+^; y-2l X,y) zP 

using the integral 

♦.{-.ft r,».i -r 7 §t® • a/,r r(ri 0 *'■ d, 

• 4 » %C0 

r(o) r()S)* pLJ _ r(Vs+t) m-/)(->) iF,o+/; y^j*) x 

(l.F) (Y3,F) ' ^ 

Changing the order of integration and summation which is easily justifiable for 
]*] < 1> Jj’-^ < weget 

, . . ; Yi; x) dt 

Again using the integral for jF^s we can prove 

('4-7') = ^('^■3) r(y3) J f+’“ f+’" r(a+/+^) rrs+t) 

r(«) i{fl) • (airi)* J .{„ J r(ya4-oT^"j) r(-<) (-^)‘ (_^) • x 

X iFj(^ + /;yi;A)d3* 

(4-8) 1_ p*“ f+*'* f+»<» T{«+t+s)T($- ^t+r) 

V ^“)r(/3) ■ (^«)^ J -io. J J -ioo r('>'i4-t) r(72+j) r(73-j-"i;) ^ 


X r(-r) T(rs) T{-t) {-xY (-yY (-zY dr ds dt. 
Proceeding in the same manner, we obtain 


(4-9) 


/? ; y, 7 ' ; x,y, z)^ 


_ r(70 i_ r(a+/) r(5+/) 

r(") r(/3)’27rt J ,^00 i(y + t} \ /, y'; x, z) dt, 

5. Transformations' 

We Gan easily write 

(0 „ , 

^;y,y';x,y,z) = 2 x,a, , , 

' m=o (1, m) (y^m) y'; y, z) x^ 

Using the formula^ 

; Mp, P';y J x,yl = (i-*)-/3 a<„ . Y'- JL J_ \ 

‘ . \ ’3:-l 'ji-iy 
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we get the identity. 

(5-1) 3 H« (a, ft 7,V'; 3 i?« f a,j3i 7,7'; 


and if we employ the formula 

§ 2 ( 3 . P'l y, x;y) = (l-;e)-^ $ 3 ^ft ^g' ; 7 ; 


-7) (1-2)’ 

=L I-\ 
v-i ’ ^-ly 


we get 


(5-2) 






^ (a, 0 ; ft 7'; ;c, j;, Z) = (l-j)-/3 ^ j8 J y, y^; ^ j. 

A similar transformation follows if we interchang^e y and z^ Proceeding in 
the same manner, we obtain 

(5'3) sGJ ( i, ft s ft ft ; ^ , 7 , 7 ; 

= (1-^)-“ ct, a, ft, ft;i y, y ; x{l-z), 


(5-4) 


sGj ( 1, «, a, 1321^,7,7 ;x,y,z) 

= (1-4:)-“ sG^J a, or, ft; A , 7 , 7 ; (1-^), g’ 

Again on putting u - u^y - x = - x (I ~ us) (l-ut) 


where 


1 y 

s-{-t == 2 and St = — 

X X 


in the integral (4*1), we get 


(5*5) 




sGa ( “ . ft “> ft.ft; y > ft ft ft 2 ) 


r(7) r(a+/3) , ,-s, ,(’) , . _ 

~ r(a) r(7+,8)*^'’^^ (“■)-/^i’“-t-^ij“-f-ft>ft.ft; T'd-ft, v+ft, 7 +^ 1 ; i,4:,f) 

, . , (’) (1) (1) 
a relation between ^Gj and 3 $ 2 ) • For the definition of , see^. 

6. Now we derive an interesting integral for the function . 

Since ^ , ft «, ft; 7,7; w)= ggOi»^ 2 . «-h/>.l-7-^ 

where Gg is Horn’s functions®. - 


-ft-.>’)2J' 
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Using the known integral® 

a', (a+l)-^-P' (l--^)-“(l-«j,)-arrf„ 

[Rl([i+fi') < 1] 

we have 

®^5 2'S'^fef Jo /n (-U^)j>(f« 

The change of order of integeration and summation is easily justifible for 
\z\< Ij and therefore, we have 

('•') - ir’ ^ 

Again on making the substitution u ^ j i in t!tf^ abovo integral, we are 
immediatly led to the transformation 

sGj ( i «, 01 ;i, y,y ;x,y,z) = (1-j)-® (l-^J')"^’ 

(n r 1 « 1 -“jp 

oG^ a, a, 0.; , 7, 7 : , - ' , /*, , - 




(6-2) 


and when y = z, 
(6-3) 


( -i, «,«, 01 , 0 ^ L, v,y; ;r,j>,j<) = (l-y)-“(l-.t^) 


-01 


r.( A, «. 1-7; ^ 




■i^) 


where Ii is Horn’s function^. 


7. Expansions 

If we introduce the inverse pair of symbolic operators 

V7 r;,^^r(A)r(a+s'+/0 
f(8+W(8' + A) 

and A =r(8+A)r(8' + A) 

where S and 8' stand for x ^ and y respectively, wc can easily show that 
(7-1) gffW («, ^ ; y, y'. x,y, z) = s§jS {0, «, /i, V, 7% x, -t) 

(7‘2) 3$!^ (/?, a, /?, 0', y, y\ y'l x, y, z) = i\a,y{.0) (a, S', 7, r'; z) 
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where 


3$^^^ is Jain^s function^ 

M 

These operational relations lead to the following expansions 


(7-3) (a, » ; r. r’, ,, .) - X 

( 2 ) 

X (/^+^ i^+r, a+r ; r, y'+r, r'+r; x,y, z) 

(7-4) 3^1 ^7 «7 /3, 7, 7'. 7- J7, .ry 

(i) 

^ 3^^ (a+r, r ; 7+r, 7^+^ ? -^) 


8. Differential Equations Satisfied by the Functions 

The five confluent functions satisfy partial diflPerential equations of rather 
simple forms, which it is easy to obtain, by confluence frona the systems of 
equations found by Srivastava® and Bhatt^ for the if and G functions respectively. 

Thus we find that the system for the function is : 

B 

0 ) 

[^(^+71-1) - ^ (^+^ + a) {6+<l>+IB)] zH^ = 0 

[$(^+ 72 - 1 ) -y (0+^+i^) (<^>+^)] ^ 

[^(’A+73-l) - ^ 3//^^ = 0 

where 0 — and ^ = -e ~ . 

dy , ■ dz 

and similarly for other functions. 

We now illustrate the classical method of solution in series by integcrating 
the differential system (8*1) in the neighbourhood of origin. 

Let us assume a solution of (8’1) in the form 



(1) 00 

3H5 = xSyh^ 2 Am>n,p x'^fzP, 

where g, h, k are suitable constants. 

The indicial equations of the system are given by 
• = 0 These gives 

A(A+72-1) = 0 
1 ) — 0 
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jr = 0 or 1 - 7i 
h = 0 or 1 - 72 
k = 0 or 1-73 



The above roots of the indicial equation lead to the following eight possible 
sets of values of the parameters g, h,L 

^ = 0 0 0 1 -Vx l~yi 0 l-y, 

h — 0 1-7-} 0 0 l-7a l-'>'a ^ l-Vj 

A = 0 0 ^ .l-7s 0 0 1-7. 1 - r« l-y, 

These lead to the following general solution of (8*1 ) valid in the neighbourhood of 
the origin. 

3/’ = A sHa (a, 72, 7s ; X.jy, g) 

B 

+ B, sHb (1 - 1 - '>' 1 +^ : 2 “ Yt, y-i7 y.*) ; x,j>, z) 

+ 3 ^B (“> ^ 2 - 72, 73 ; x,jl, Z) 

+ £3 z^~\hb ( 1 - ys 4 ^ ; 71 . 72 . 2 - 73 ; 5 ) 

+ Cl (1 - ^i+“> 2 - 7x - 73+i3; 2 - 7i, 2 - Ta, 73 ; x,y, z) 

+ C 2 y^ ^ s^B ” 7s 4“, 1 yad"/^ . 7i. 2 — y., 2 — 73 ; x,y, z) 

+ C3 sHb (2 - 7$ - 7i+<b 1 - 7i+iS 1 2 - 7 „ 7.^, 2 - 73 ; j, z) 

4- D X^~''^y^~'^^ z^'^h^^B (2-73-7i+o, 2-7i-r2+P; 2-71,2-72,2-73; A, _y,t) 
where B's, Cs and D are arbitrary and constants. 
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Abstract 

Rayleigh’s Wave in a thermoelastic medium in sinusoidal wavy boundary 
has been considered. In solving the problem perturbation method has been 
used and and its higher order have been neglected. Three types of 
surface wave have been found, one of them is the same as Rayleigh wave in 
thermoelastic medium with plane boundary and the other two are of different 
nature depending on the wave length and the wavy nature of the boundary. 

Introduction 

In plane boundary Lockett^ has considered Rayleigh’s wave in a 
thermoelastic medium and has shown that the difference between the velocities of 
propagation of Rayleigh’s wave in thermoelastic medium is less than that in a 
medium where thermal effect is not considered by one percent. In this paper we 
shall consider the more practical case when the thermoelastic medium is a 
semi-infinite space with a sinusoidal wavy boundary of the form y e f (x) =z h 

sin r X where e = — < < 1. In solving this problem perturbation method due 

to Eringen^ has been used and and its higher order have been neglected. 
The wavy boundary has a normal traction of the concentrated type and zero 
shear. We have assumed a convection condition for the temperature on the 
boundary. The particular case ^ = 0 deals with thermal insulation on the 
boundary. In the case k — 0 



(i. e. for A, = /x) as assumed by Lockett, the expression for the displace- 
ments in the wavy boundary have been obtained and found, of course neglecting 
body waves, that the surface waves break into three parts one of them is the same 
as Rayleigh’s wave in thermoelastic medium with plane boundary and the other 
two are of different nature depending on the wave length and the wavy nature of 
the boundary. 

F ormulaiion of the problem and its solution 

The starting point of our consideration is the system of wave e ^nations 

)$ - Y ^ ^ = 0 (1) 
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^ « 1- e' == coupling constant and Other symbol has 

Where Vi' - ■g;^2 + ^ ’ gt’ 

usual significance. The temperature equation is given by 

The equation of the sinusoidal wavy boundary i s taken as 
y = s/(;r) = k$inr X and < = --- < 1. 

represents a small perturbation parameter. 

The boundary condition at^ = r/(*) rO'^d as follows 

Vn = °'xa '^ay ”a | 

rn = (o’®* - <^yy) "» 

r = n® Txi-ny Ty+hT j 

CTl 

™hpre <r t are orescribed functions at the boundary curve, and % and n„ are 
the components of the inner unit normal which are given by 

„, = -s/'(l+..V'“)‘* I 


(l+eV'^)-S j 

where prime represent dififerentiation with respect to a;. Substituting (4) in (3) 
rndexpLdingi power series in r and neglecting H and higher orders the 
boundary conditions with normal traction and zero shear reads 

“■« ~ ""yy ~ 2 e /' ^xy = '’'(5) 

= "^(cy + ^f' i'^yy ~ “0 ( 5 ) 

^l.ef’~+hT= 0 

7y ■' ?x^ ‘ 

where S is the arc length along the boundary curve, and for S 

S = JJ (l + eV'“)* =-- *+0 (.■•') 1 (5o) 

If the load is a concentrated type <r {x) ^ P Z (x) 
where P is the magnitude of the normal force component. 

To solve the system of equations in (1) wc assume 


and substituting in (1) 


, wt I m *0/ . 


T-l! 4. . ts \ Fi! 4 ^4 6 ^ [ — 4* 1 ^0=0 

{jx^ ^ (f X J ^ ?/ ^ X \jx^ ^ J 

r 8' s' / n 

Le^+ ^2+-^Ji/'o = o 
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To find the solution of ( 6 ) we introduce one dimensional Fourier’s tramform 

“ 7 k / * *0 (^) 

the inverse of (7) is given by 

U^y) = (£^) ,-*■ ^ I 

Applying (8) in (6) 




[ -e-q) (D“ - ^^+ 0 -) (Ij,) ^ 0 

^0 (Ij-) = 0 


where 


. trS = ^ 


0)^ „ 0)*^ , 

= 

The solutions of the system of equations (9) are 

?o = A + B r^2J>’ . 

;-/^ s ■ (10) 

^*0 (^J) = c e-''y 

where Xj, are the roots of (X^ _ ^2)2^ (;^2 - | 2 ) (<^2 _ ^ s _ 0-2 „ ^ 0 
and 

*' = = ? (1+s') 

Spre“fo^fo?S2m“ar!’ ^ calculate the displacements and stresses and the 


u = Uf,e 


r ^=( |lo _ 8|o.^ ^ ^ _^x i,i 


?x ?yj^ 

^?X ?y ^ Pj;2 


t oyo A 


p <o2 <j,^ 




r ?5i ] 



Therefore the displacements and stresses obtained by using (8) and (I0| 


gives 




V* 2 TT 


A Xj Aa / +» 


- i I * , . 

e ^ di 

-tijc 


di 


(11) 

( 12 ) 


J Oj ^^■1’+ Bbi e C Cj tf * ^di 

^yy = J \a a, -{Bb, r *'»] r ‘ ^ 




1 r " aj r +5 ^3 4-0 13 r‘'y 1 

V 2 TT J .* L 


.-*■ I * 




where 


ai = X,Hl r3 ; ^ ^ 

«2 = f J J *2 = f - i ; Ca = i ^ V « e, 

fls = » ^ Aj ; ^3 = * ^ As ; “ i (2 ~ 


(14) 

(15) 

(16) 


The boundary conditions (5) with the expressions from (13), (14) and (15) 
takes the from ony = ^f{x) 




+ lc,-2efti]Ce 


^sfv 




(17) 


" I ( **3+®/^ ("i+<*2) ] d e 4" [534-e/' (ii4-^2) ] -B 


+ [ «8+«/' (^i+fa) jCe 






(18) 


ony saa e jf 


0 givt 8 


~ ^r;;W /.„ { ( ”i(^i - ^ ^ 

+ [ n^ih - A) - «y ' « ^ B ^3 1 * I * ^ Q 

^I>2 ~ ^^112“!“^^ ■*" 


where 

we now write 

= (Tq + C (Tj 0 (t^) 

= Tq + c -j- 0 

-.4 s=s -J- e Ai + 0 («^) 

« = l -e/Ai 4-0 (8*) 

and similar expression for others. 


(19) 
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Substituting the above expressions in (17), (18) and (19) and collecting 
independent term in € from both sides the following equations are obtained for 
the determination of Aq^ Bq and Cq 


J («2 -^0+^2 -^0+^2 ^o) ^ = ^ 

i (^3 ^0+^3 ^0+^3 ^ 

f ” {^0 [ ]+^0 C«2(A2 - A) ] }r * ^ = 0 

• “o© 

Taking Fourier transform of the equation (20) 


( 20 ) 


^2 -^0 "f ^2 Hr ^2 ^0 — "2^ 

% ^ 0+^3 

Aq [ ^ 1(^1 “ A ) ] H “-^0 C %(^2 “" ^) ] = 0 

Again from (5b) 

P C" P ] 

*<*> ' * "TS 

Tq = 0 ; oTj = 0 ; = 0 

The solution of (21) with the help of (22) arc 
-n2{X2-h)cs P _ 

^ ^ m 


■^0 — 


2/*D 


Pq — 


■ x/2 1 

_ ”1(^1 ~ A) ^3 ^o(£) 

2,1 D ^'r¥ - D{i) 


\ 

J 


Co = - 2-j-£i I - A) Ag - ngCAg - A) ag 


( 21 ) 


(22) 


(23) 


where 

DiO = (2f-T=‘)2-4f(f 




(Xi «2 - Xg ”1) A+Xi >3 (wj - ng) 
(TZg Wj) A “I" (jZj Xi „2 ^2) 


(24) 


Again to determine A^, B^, Cj the following sets of equations are obtained by 
equating the coefficient of e from both sides of (17), (18) and (19) 

J " { a, A,+b2 B,+C2 Cl } / * ^ = °^ + 

+ — f [-^ 0 (^ 2 / Ai+2/' U3) + -Bo(A 2/X2+2/' Ag) 

+Co(c2 / »' +2 / C3) ] « * ^ » 

-i- f { flg ^I + Ag -Bi+Cg Cl) e ^ rff 
v ' 2 wJ-oo 
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(25) 



and 


T 1 r ^ 

~ 2ii. ^ -f (fli + fla) } -}- 

+- 5 o{ hf A 2 -f (b.+b^) }+ Co(c 3 f V -f j 1 fi i X 

If® 

'/2~7r j ~ 3+^i [«M (As ~ A) D i'* ''^ ^ (it; 

/ oo 

(^0 [«I (Aa - A)/ «a/']+5,[„, (A, - h)fx, + it fi (■ x 

The Fourier integral representation of f(x) 


dri 


d>) 


V -QQ 

therefore f"(v) — ^ T °° r/ \ ^ r 

00 

— ^ r ^ . i Af 

~^y2lrj. * 

■'00 

^ -Z 

~ ^21- r - s (r - 7?)]. 

,.5, Sr'-- ™'“' “VW./- W i„.o 

1 f “ 

v2~tJ. ^ ^1+^2 ^1+^3 Cl } 

_ , I r f " 

2jr Jj.^ Ai -2 i 7? a,,) 

, (*> »s - 2 i , J,) . 2 ; , .,) «+7) * , 

If we set ^-f- 77 ~ //<!_« ^2. 1 f28) 

«f (28) Uk„ ,h,fo^ • ‘'^ - * ‘k® ita do„bk i„,es„, „„ 

2?//-. '^''•^'<^>+-«»ft(fi + e.ft(i)^j|(,V,-'’(fadli, (29) 


where 


ft (^) <^2 Ai ~ 2 2 77 

^2 (^) = b^ As- 2 17? Jg 

^3 (^) = eg V - 2 1 7? C3 
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Now replacing J by k on the left hand side of (28) and using (29) on the 
right . hand side, the integral on both sides becomes single Fourier integral and 
taking Fourier transform on both sides of (28) and substituting the value of 7(v) 
on the right hand side and using (22) 

■^1 ^2+.®i <^2 — f [ .^0 ;Si (^) 

V 2 ir J 

+■^0 (^)+C'o ^3 (I) ^ y. [Z {- r - ■n) - ^ [r - nyi dri (31) 

Similarly from equations (26) and (27) 


•^1 ^3 Hr ^3 




[An (^)+An (l)+ 


+ Co Jz f|)] 




ynrES (-r-i?)-s(r-t7) ]rfi3. 


■^1 “h (A .2 “* 



+•^0 "2 (^)] X - [8 (- r ~ ->7) - 5 (r ^ ??) ] 

v^2 7rr 

where the left hand sides are functions of k only and 
'^1 (^) = ^3 A.i+i V (<21+^2) ^ 

'^2 (^) “ ^3 ^2^^ ^ (^ 1 +^ 2 ) 

^3 (^) = Cz (^ 1 +^ 2 ) I 

(^) — (^1 "" k) Ai+^ ^ 

"2 (^) “ ”2 (^2 k) X 24 ^ ^ ^ 


(32) 


(33) 


(34) 


Performing the integration on the right hand side of (31), (32) and (33) 
sets of equations for the determinations of (A:), Bj^ {k) and Ci {k) are obtained. 
Solving (31), (32) and (33) 

Ai (A) ~ D[k) D[k-^r) ^ (^2 k) [y\ c,j, - c^) - (ig C 2 - ^2 ^3) } 


{ ^2 (^"^2 ■“ k) (y ^2 ^2 "" ^^2 ^3) “* ^^2 (^3 ^2 ^2 ^s) } 

+^'o { «2 (A^2 “ k) (y's (^2 ~ /3'3 ^3) } ] 

”” 2ri D[k) D[k -' r) ^ ~ ~ Pi" ^3) 

- “i"" (*3 ^2 " h ^ 3 ) } + / 5 o" { % (^2 - A) ( 7 / ^2 - iSs"" ^ 3 ) 

- ofg (A3 b^c^) } + { ^2 (A2 “ k) (73^ ^ 3 ^ ^3) } ] 
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^rB(k) D(k+r) t“o' ^ - ^) ( <'i <^3 “ <^a) - «/ (a., - a^ cj } 

+^o' { «! (Ai - h) (y/ (73 _ ^3' cs) - a^' (a,, e^ a^ aj } 

+V {«! (Ai - A) (V a^-^a'cg)}] 

TT 

“ ^iD{k] D[k-r) ■ t""' ^ iy" h - nr c,) - a," {a, c., - a, aj } 


■ ^iD[k] D[k-r) ■ ^ - nr h) - 

+^0" { «i ih - h' [y^" a, - aj) _ (a, a, - ^3 a,) } 

+ V {«i (Ai - A) (yg" ag - 13^" c^) } ] 

TT 

2w':^A7iD(i:j:^ i"'o' { «i (^1 - A) (*s T'i' - h nr) 


~ 2ri D{k) Diirrw ^ ”1 yr ~ nr) 

+ «2 (Ag - A) (ag y,')+«jr j 

+^ 0 ' {«x (A: - -%) (^3 y 3 ' _ ^3 __ ^ 

+«2' (ag ig - ^3 b,) }+y3^ 

+ ^2 (Ag - A); (flg ^ 3 ' _ J J 

T 

~2^^vrD(k^ ^"0" ^ ”1 (^1 - ■4) (i., yr - h nr) 

+ ^ (A2 - h) (ag _ ,3 y^., ^ ^ 

+a/'(nh L ® ^+^2 (Xa- A) 

where ^ ^ - h 


«■< v=M*!? ; ; "•;="•<*+') «- ■ 

Representing F, (/fc) p (t.,° p ,,° ’’ ’ ~ etc. 

brackets, the value of A (k) B <L "J ^ expressions within the third 

. r-T' r ‘ <■- 

(^) = ^. r (A) 1 

2r« \_D[k) D[k-\-r) DjjrrD{k:rp: 

n,(k)=-rjiU) 3 (A) 

2r* Lj^(k) D(k+r) ~ DikT^^Tj J [ (35) 

c, (A) = - r.3jA) ^3 (.' ^ J 

Substituting the values frlm f 23 i ^ ^ 

>"s™„ by ““ 

"0 = aO°+£ ttg' 

=— L_ r “ I 

~ ^ { “0 ^-Ag j. I 

+'».({) 
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'‘' <*' " ii [1 

- A[i 



+ 


V'2 

»o = C+® »o' 


i-oo ^ «~^'-^}+'' Cl (() e-^'l/] r* ^ (36) 


- 1 
V2 


^0 (i) ^■'’VJ e~* ^ * di 


I r ^ I -.\ 

^2^ J .„ “® ^ 

[A.1^1 (^) « ^'■^ + A2 (^) r^aJ’ _j.j. ^ ^-1 ^ a: 


(37) 

The integral fot Wq, z ^0 consists of two parts, the first DSLxt viz u ^ v ^ have alrenrlv 
^ea culc»U.cd for * - 0, «» . 3 a„{ , - -’.Oo (r,/. nSw.U)) aS ’2 a^7n,o,?s“S 
for the second part for u^, »„ which arises due to wavy boundary. To evaluate the 
second parts for ««, v, under A = 0, 3\= 3 and e' = -05, a s mi-circular contour 
in the lower half of complex ^ plane has been considered. Forx > 0 the integral 
over the semi-circular contour vanishes. Since we are interested only in surface 
waves the contributions from the residue of the poles have only been considered, 
and branch point integrals giving rise to body waves have been neglected. There- 
fore the part containing e given in iIq is 


i^x 

f “ I^(i) dl ^ r ' 

y/2'^ 2ri J -D(^) 0(^+r) ~ ^2 w 2ri J 


-i^x 

PU)e dl 
D(^) D{i-r) 


where 

{Px ii) + F, (i) 

and after integration 

\2y L -D'l^i) ■0(^i-|-r) Di^^) 

_ F(Q 1 

Again the part containing e given in 

_5. r Gii) f “ 

y2 V 2n J Dii) DU+r) 2n J -» O(^) Z)(^r) 

where 

G U) = Ai Px (^) -fX2 P, U) +* e-''y 

and after integration 

f ir r G (gii r* * G ($ 2 ) «■* 

I 2 j r L D'ilx) D[$x+r) 

G i ix) e-^ ^ _ G (ga) g~* ^ "1 
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WBere I)(^) == 0 gives only 
where 


xuui. 


fi ^ 

~ ^224c 7 p. 429) 


..la 


-»*; Is 


+ 


SO 

'•9224^2 

Therefore the final expression for u, v arising due to perturbation are 

/• \ o I'S 

1 ) i? «*"(<-•“ ) 


J. 

, /5r\8/®l 


1 


+ PiQ 

'^"^^^(Sro'da+rr' 


[F Ui) «* 

^(li+r) ^(^rr)i 

Fii,) J )} 




/ . yp 1 

L(^(li+»5 ^i-r)j Jt>'(Q ■*“ 

+ -£ila) ^^^~^ - - ) } g {<-•*( I + ~ } 

^(la)^'(latr) " ~ ~ ' _ 

Gonclusioii 

moves in thlmodaldc^^Sium a harmonic wa« 
waves break into three parts one nart of whi/h bouiidary the surfa< 

thermoclastic medium ^as L ^by £LkeU .nd T “ir: wave j 

be considered as scattered surface waves ar- ■ i‘ which tiia 

dary propagate with different velocities alon^ff. ‘n egularity of the hour 

length as well as on the wavy nature of the Kndw^ depending on the wav 
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Abstract 


The elemental form of sulphur is more efficient than other 
sulphur in making manganese available in soil. 


compounds of 


The effect of sulphur on the metabolism of manganese in both plants as well 
as soil has been shown by a number of workers. Ames and Boltz (1919) report-d 
that addition of sulphur hindered the nitriHcation process in the soil due to the 
development of acidity and increase of its Mn content. Bertramson Fried and 
Tisdale (1950) stated that sulphur may affect the availability of different nutrients 
in several ways, such as by lowering the pH, by ionic relationship when it forms 
SO4- ions, and by serving as reductant or electron donor. Conard (1950) studied 
the effect of elemental sulphur and that added as sulphates on the availability 
of soil manganese but his data were inconclusive as to whether the release of 
nutrient by gypsum was caused by sulphur or calcium. 

Greer, Pringle, and Kant (1952) showed that availability of manganese by 

plants was directly proportional to the pH of the soil. Tisdale and Brrtramson 
(1950) showed that the increased sulphate-sulphur content in the solution causes 
increased absorption of manganese by plants. 

The present investigation was undertaken with a view to studying the effect 

of elemental sulphur audits compounds on the availability of manganese in the 
soil. 


Method and Material 

Three soils namely Matkota clay loam, pH 8‘2, Kanpur No. 2, pH 9*3, and 
one sample from Government Agricultural College Farm, pH 8-1 were taken 
for study. Samples were prepared and different doses of sulphur either elemental 
or as its compounds were added and mixed thoroughly. The moisture content of 
the soil was regulated according to the optimum field conditions from time to 
time. Thorough stirring of the soil was done in order to break the lumps and 
to provide sufficient aeration. The sampling of the soil was done after an 
interval of 10, 20 and 40 days respectively. 

Manganese in exchangeable form was determined colorimetrically by ex* 
tracting the soil with ammonium- acetate as described by Johnson Ulrich (1959). 
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Resiilt ^iid Discussion^ 

Data in table Nos. 1, 2 and 3 show that the exchangeable Mn contents in 
all the three soils were higher in the case of elemental sulphur treatments in com- 
parison to the others. The Mn content increased with the increase in the doses 
of sulphur added. It may be attributed to the reduction of the pH of soil and 
ultimately increas^^^^^^^ the atrailabilisty of divalent Mn ions# Similar observations 
were made by Shedd (1914), Bertramson, Fried and Tisdale (1950) and Morris 
(1948). 

The treatment with ammonium sulphate was next in liberating cxchangable 
Mn. The efficiency of gypsum and superphosphate containing CaS04 was almost 
of the same order. In the case of gypsum treatment the increase was not in 
accordance with the doses of sulphur added through gypsum* Similar observations 
were made by Teucher and Adler (1960), and Morris and Pierre (1947). No 
significant increase was observed in the availability of Mn in the case of K SO 
treatment. ^ ^ 


table 1 

Matkota clay loam 


Tr«,„e„, 

in ppm MnppmpH Mn ppm pH Mn ppm 


uianK 


80 

Control 

— 

82 

Elemental ‘S’ 

50 

90 

Elemental ‘S’ 

400 

91 

Elemental ‘S* 

800 

92 

Elemental ‘S’ 

1600 

98 

Gypsum 

50 

84 

Gypsum 

400 

86 

Gypsum 

800 

86 

Gypsum 

1600 

89 

Ammonium sulphate 

400 

88 

Superphosphate contain- 
ing GaSO^ 

400 

84 

Potassium sulphate 

400 

82 


8-2 

80 

8-2 

80 

82 

8-2 

83 

8-2 

84 

8;2 

8-2 

100 

8-2 

106 

8'1 

7-9 

102 

7-8 

108 

8-1 

7-7 

102 

7-6 

119 

8-1 

7-7 

103 

7-7 

128 

8*0 

8-2 

92 

8-2 

105 

8-2 

8-1 

95 

8-1 

106 

82 

8-0 

96 

8-0 

108 

8-2 

7-8 

98 

7-7 

112 

7-9 

8-0 

96 

8*0 

108 

8-2 

7-8 

93 

7*9 

105 

8-2 

81 

90 

8-2 

103 

8‘2 
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tABLE 2 
Kanpur JVo. 2 



Doses of 

10 days 

20 days 


40 days 


Treatments 

sulphur 
in ppm 





Mn ppm 

pH 

Mn ppm pH 

Mn ppm 

pH 

Blank 

- 

6 

9-3 

7 

9-3 

10 


Control 

- 

7 

9-3 

8 

9-3 

12 

9-3 

Elemental ‘S’ 

50 

8 

9-2 

10 

9-2 

13 

9-3 

Elemental ‘S’ 

400 

10 

9-0 

13 

9 0 

16 

9-1 

Elemental ‘S’ 

800 

12 

8-9 

15 

8-9 

20 

9-0 

Elemental ‘S’ 

1600 

16 

8-8 

20 

8-7 

30 

8'8 

Gypsum 

50 

10 

9-2 

10 

9*2 

12 

9-3 

Gypsum 

400 

11 

90 

12 

9-1 

13 

9-1 

Gypsum 

800 

12 

8-7 

12 

8-8 

14 

9-0 

Gypsum 

1600 

12 

86 

12 

8-6 

14 

8-7 

Ammonium sulphate 

400 

9 

8-8 

9 

90 

12 

9-0 

Superphosphate contain- 400 

9 

9-0 

12 

9-1 

19 

9-2 

ing GaSO^ 
Potassium sulphate 

400 

8 

9'3 

13 

9-3 

15 

9-3 



TABLE 3 






Agricultural College Farm Soil 





Doses of 

10 days 

20 days 

40 days 


Treatments 

sulphur 











— 


in ppm 

Mn ppm 

pH 

Mn ppm 

pH 

Mn ppm pH 

Blank 


lO 

81 

12 

81 

14 

8-2 

Control 

- 

11 

8-1 

16 

8*2 

20 

8*2 

Elemental ‘S’ 

50 

15 

8-0 

35 

8-2 

46 

8-2 

Elemental ‘S’ 

400 

19 

7-8 

40 

7-9 

51 

8-1 

Elemental ‘S’ 

800 

18 

7*6 

48 

7-8 

58 

7-9 

Elemental ‘S’ 

1600 

25 

7-5 

55 

7-6 

69 

7-7 

Gypsum 

50 

14 

8-0 

18 

8*1 

23 

8-2 

Gypsum 

400 

12 

7-8 

22 

7-9 

33 

7-9 

Gypsum 

800 

15 

7-6 

29 

7.7 

39 

7-7 

Gypsum 

1600 

12 

7-6 

31 

7-7 

48 

7-6 

Ammonium sulphate 

400 

18 

7-7 

30 

7-8 

39 

7-9 

Superphosphate contain- 400 

10 

7-6 

26 

8-0 

35 

8-1 

ing CaSO^ 
Potassium sulphate 

400 

9 

7-8 

20. 

8-0 

. 28 

8-2 
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Abstract 

contain four - OGH, grouns and onr^Pn-MH^ been found to 

have been found to be present in ring systems. ^ nitrogen atoms 


in Bu™f up Ifa^hdght^? ^ abundantly 

important medicinal plants e.g. E.indica, L^TaTdmJSc.''“m^^ 

of opthtm?a^ni 

A good number of alkaIoids^,3,i,«.e, have been isolated from various 
species of this genus. On reviewing the literature, it becomes quite obvious 
Skioids^ f amount of investigations directed to the study oferythrina 

strueSJes of elucidation TtS 

chSlf St fdv f alkaloids. Moreover, no work seems to have been done on the 
chemical study of the plant Erythnna lithasperma. In view of the need and 

^ authors took up the chemical examination of its 

fff thp alkaloid and the study 

of the nature of the hetero-atoms present in it. The results of the detailed studies 
m regard to the elucidation of structurfe will be communicated later. 

Experimental 

Isolation Alkaloid : The defatted seeds were extracted with ethanol 

distilled off arid the residue thus obtained redissolved 
oht 5 n*r»pri ^^ Solvent^ added in excess ; the brown precipitate then 

obtained was removed by filtration and studied separately, ^ ^ 

concentrated to half of its volume and kept in a 

tion iv T T when a crystalline compound was obtained. On pmifica- 

tion by T. L. G., the coiupouhd melted at 253-4°). ^ 

CAametemliw of the base : It was found to be soluble in 

ihineral acids. It gave positive tests with 
alkaloidal reagents^ showing it to be an alkaloid. 

Found, C = 68-24 ; H = 6-71 ; N = 10-63% (Dumas) : Mol wt = 532 

MoTwr^- Cs^HseOeN^, G = 67-64 ; H = 6-76 ; N 10-53%, 
ol. wt. — 532. Thus, the molecular formula of the alkaloid is G 8 .H 38 OJN 4 . 
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The alkaloid gave a number of derivatives such as methiodide, m.p. 201-2° 
picrate, m.p. 105°, hydrochloride, m.p. 120 °, gold chloride (m.p. a^ve 360°1 anri 
platittic chloride (m.p, above 360°). 

Kature and Environment of Nitrogen atoms : As no nitrogen was detected bv 
Kjeld^’s method, all the nitrogen atoms are present in the ring systems. ^ 

Herzig- Meyer hydriodic acid treatment of the base did not give any 
alkyliodide indicating the absence of N-alkyl group in the base. ^ 

The fromatibn of ammonia on fusion of the base with solid KOH, indicates 
the presence of -(X)- NH- (or -CO NHa) group. The strong absorption peak at 
1635 cm-* in the I. R. further confirms the presence of such a grouping. 

Nature of Oxygen atoms ; The base did not give positive tests for the presence of 
-OH, -GHO, -GOOH and GH^ groups. 


The Viebock and Brccher method® of alkoxy determination showed the 
presence of four -OGH 3 groups in the base. The absorption peaks at 1355 cm-‘ 

and 1380 cm'* (in the I. R.) clearly indicate the presence of methoxyl grouns 

Thus, four oxygen atoms have been accounted for. The fifth oxygen atom ?s more 
probably present at -GO-NH. 

Oxidative and degradative studies are in progress and the results will be 
commimicated in subsequent publication. 
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A Generalised integral trWorm of , wo comple. 
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Abstract 

This generalisation of Laplace transform in tyifo variables is mn- i u 
on the transform g^en by Sharma^. In later sectinn t • mainly based 
established and the theorem which gives the solution^Af " mversion formula is 

<=‘‘^"gein”th1Trde?S?egra“ 

AUn obtain a generalisation on the basis of the transforms 

f u’- inversion formula analogous to Sharma® The heo + * 

of this transform lies in the fact that it includes most of the known* traSsformrll 
parttcular cases. It is expected that the further study of the transform shnnlrl 
yield general and more interesting results. ^ s tm should 

2. Definition . A generalised integral transform <l> ” [ A, /* ] is defined by 

the relation ” ' 


(2-1) 


I, n / 

9 V 


("p); ih) 1 _ f" r" * A* 1 1. 

(V); Og^)J~io Jo 


X G 




i^p) 

(h) 




1.2 y 




where 


G-functions. 

usual (r^) denotes the sequence of elements 

^25 • • •> 

The above defined transform exists when n, p, q, and are non- 
negative integers, such that 0 < m < 0 n < j&, 0 < 0 < 
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^4^ < 2(m+«), J arg A |<>r [m+n _ ^ [p^q) <■ 2(»|i + «), 

I arg I < *• [mi+/ji _ J ] 

^ /(*.^).i(0,«). 

Theorem, If 

4/(*, J) : X i m: ^ 1 = f" r ^ 

L '"V («j,0;(/Sj»)J Jo Jo ^ 

P>9\ I %) / ?* \ I (i8g>) / 

Ar*. ») = -1. f«+»« f^’+ioo «-rj,-. 

(2nn e-iao Jc^-ico Gi(i-r) G^(l-s^ 

Gi(r) = ir-j G ”+2 /l6 I ^ ~ ^ ^ i *■» ("p) \ 

^+2,? I I (ig) j 


and 


wMere 

(3-2) 

and 

(3-3) 

then 


= :r-* 2 s*-i "*+2 / Jg [i-i#, l-Jj, (ap>)v 

/+2.»‘l l(fi,‘) ")■ 


pr.vM.dtl»t|4(,,^)|e:d>t.,(3-4)i,c«nv.Vg»t. ’ ’ 

* V; n’ ■ (4k Wl ]' >-^‘~'/‘~'/(v) • m o ). 

' ‘<)+'. (■ = '. 2. ■■.,») Md.- < « (2f^,+ ,, ,j _ 1, 2_ . . _ 

S»bsMuling the value from {2-1), it i, 


f-fx-V- 



m ; ni ’ (o^i) . J 


/;/;*■•'■ cr 


which 00 change of order of integration ami rimple snbetitntion yield, 
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PC -i . -i g m, „ / , X „., 

^ Jo Jo ' ^ #. ? V I * 2 > y - ^ / V 1 (/ig'V ■ 


Since X, y integrals and ti, — integrals are independent of each other, on 
evaluating the inner integrals and to which on applying Mell in-inversion formula, 
(3' 4) is obtained. 

The change of order of integration is justified by de la Vallee Poussin’s 
theorem (1) 
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Abstract 

WiMH- The theorem and it. coroK ha™ Ten n,ed i„ 

infinite integrals involving and ^ ^ ^ ^ evaluating certain 

1. Introductioii 

transfSm^^*’ generalization of the well-known Laplace 

•Pip) ^p( it, R(p) > 0, 

in the form ** ® 

( 1 - 2 ) (P^)”'-''"*-^‘’^Wk,m(pi)Mdt,R(p)>o. 

When k+m =, (1-2) reduces to (M) by virtue of the identity. 

dbM W == ^-a?/2^ 

mg fomf generalization of (M) in the follow- 


== ( I y P /J (P^y/^ K,ipt)fit) it, R(P) > 0. 

When V =~ j. reduces to (1*1) due to 

^±i/aW = 

We shall denote (1 -1). and (1-3) symbolically as 

M =f(t), ^(p) ^ft) and ^(p) Lf{t) respectively, 
form (l-2)^Tn? Ihe Sijer^s^Es'^S*' tr\nsfr''^”?l^i<^^^^^ Varma’s trans- 

J5««„.f,he Whit, ate, funotio. W,,Jlzl. 1 1 [hrom'^Sd i^eSa”' 

"f”’ r.b.. 1965. 
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have been utilized in evaluating certain infinitf^ i • , . 

hypergeometric function Appell’s function F, and LaiS-iceUa^fuSn Fr'"’" 
2. Theorem i 

If 

then 

(2-1) + p 


V 


V 


V-1I2 


Hp ■/!+ fLdx 


2^>'-vvw. 


p„vided that /i(i . i) < 0 , fi(J)>o, fi(p)>o, ii()±v+f)>o, 

where /(() = 0(r^ ) for small *. 

Proo/ : We have 


Pipy/ 1 +xib } = ^ I {p y/TfJ/Tyi^ 
Multiplying both sides by 


P/^K^ipt V‘l-ixlb}f(t)dt. 


OJq 

x-^(x+b)k-ip ‘ (yl+^i) 

V-1/2 ^ ’ 

mtegratmg fa . from 0 to ce and m,e, changing the order of integration, we have 

Ky[pt^l‘^x/b } dx 

Evaluating the A:-integral by [8, p. 158] 

/ " 

0 + <2 1^7^} dt 

= 2-1 ^-3/4 ,1/s ,^(2 ViJ)^ 

- i) < 0, R{p) > 0, R{b) > 0, 

we arrive at (2-1). 

Regarding the change of the order of integration, we must have 

(i) the * integral absolutely convergent. This is so it R{k~l) < 0 
KP) > 0, R{b) >0. ^ 21 <■ u, 

(«■) the t-integral absolutely convergent. This is so if R[p) > 0, 

F(3/2 ± > 0, where f(t) = 0 {S) for small t ; and 
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(tit) any one of the resulting integrals absolutely convergent : 

for R. H. S. to exist, R{p) > 0, ± v + ^) > 0. 

Thus the change of the order of integration is admissible for the 
stated with the theorem by de la ValHe Poussin theorem. 

Example : 

Taking 

/(/) = exp { - (uH ^) < } /<r (2 act), 
we find that [2, p. 18] 

X=t> -1 ^ ^ 

Fl4(2H2+X+cr. V), J(2A+2 +X+<t+v) ; Ha, I+x 

L P 

for i2(2i + crd3V-|-3/2) > 0, > 0; 

and [9, p, 174] 

F*-iexp[-('| +aHc=*) t ] W,i,y{pt) 7^(2 act) dt 
- 2(uf)°^r(H2A±>'+o-) /-2*!-v+v+i fr(v4.i) ]-2 

Fifi+SA - v + a, H2A + ''+'^; a+1, 1 

L. P P j’ 

F(i±>'+<r+2A) > 0, F[p4(a±c)* J > 0. 


for 


Hence (2*1) yields 


(2-2) 


F4[a+i+ 


2 2 (^Hpx+t r( - X ) r(.r+i) r{Hi+^ (x+ cr+.i > 

X=|, -I r(H2A±v+a) 

® V-1/2 \ / 

*“ 2A+V-I/, H2A+o'-}-v J v+1, a+1 ; - — j ^ J 

«(vr)>i /„(«) i+i iM ! 

As c -e. 0, (2 2) gives the following, on using [7, p. 72] and [3, p. 126 (20)J. 

(2-3) /( 

.P. [ 1 + 1+ I - J, H 3 ^ ^ ^ ^ 
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7rr(i-2A:) r(2A4-cr+2) r(i+at±i/+o-) 
j- 2 l,+o -/2 24X!+.r-i r(l+o-) r(X:+cr/ 2 ±v/ 2 +l±l/ 4 ) 

a^i^i4'2A - v+cr, J+2i+v + <r ; ^ J , 

for i?(i ^ i) < 0 , R{b) > 0, R(p) > 0, i2(i±.'+2/fc+<r) > 0 

As a 0, (2*3) reduces to a known result [4, p* 400 (9) ]. 

Taking 2i+v = J , and using 

(2*1) Yields the following : 

Corollary 

If m 

V 

then 

(2-4) {x+b)-''l^ <{> \^P Vl+w\ dx 

^ 2V+ip iV/2-1/4 r(v+J) 

provided that R{p) > 0, R(b) > 0, i2(i'+J) > 0 and ■R(i±>'+^) > 0 where 
fit) = 0 ( ) for small x. 

Example : 

Let 

m -= n t/vi («i <)], 

issl 


then [1 0] 

4>[p) = 2«--'/!«a-l/2j6- S Vi -or+3/2 ^ j” (az*'*') II [r(H-Vi)]-i 

i=l issl 

p’c j^i(o‘+S''i - >'). i(o-+2vi+v) ; l + Vj, . . . , l+v„ J ^ , . . . , , 

where is one of the four Lauricella’s hypergeometric functions of n variables 

[1, p. 114] and F(cr±v + 2vi) > 0, R{p) > % | i2(a^) [. 

i=i 

Here 2»'i stands for Vi-j-v 2 + . . . +v^. 

Hence (2*4) gives 
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(2-5) Ki- v), |^cr + 2 i-i + v) ; 

1+Vi , . . . , , . . . , 

= i»'+i/2r(v+|)r{|(cr-,.;- 1+ 5 Vi)} [r{|(cr+.'+ 2 .'.•)} j-i 

■P’c[i(°'-’'+ 5 vi>,i('^-y-h 2 Vi - 1) : 1 +1/1, ... , l+v„ j ^ ^ V j 

for i2(i) > 0, i?(v+J; > 0, /i(cp+v+ 2 vi) > 0, i2(o- „ v _ l_)_ 2 ^i) > 0 

Ji(/>) > I 1 iJ(«i) I . 

tssl 

When n = 2 f JF'q breaks up into jF^ and we have 

(2-6) J“ ;iV- 1/2^1 ^ *j4(‘'l + V2+0-+|.) 

/^4[i(-+Vi+v,-v),J(,. + Vi+v,+ v);l+Vi. 1 + . 

L- P^(l+x/d) p^(l+x/d) 

= 6 »'+i/!»r(v + J) r{ J(a_ V - I + V1 + 1/2) } [r{ J((r + V+Vi + V2) }]-i 

F4 V+V1+-V2), J(cr - V_l+Vi + Vj; 1 + Vi, 1 + ^2 

for if(<r+,+Vi + v2) > 0, Ii(<r.r - l+i-i+v,) > Q, R(fi) > | /e(«i) | + | |, 

As 0:2 -TJ 0, (2-6) yields a particular case of a known result [6, p. 386]. 
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